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O npocToM ajiropuTMme JeKoaMpoBaHuu KoaoB bUX,
Koa0B Puna—CosaomMoHa 1 ko10B [ onnbl

C. M. Panees, O. 1. YepeBareHko

l'ao momyuymn mpoctoit M >PPEKTUBHBIA aaTOpUTM AcKoaupoBaHus KomoB Puma—CosomoHna.
B pabote npuBoauTCs ONMCAaHUE MPUMEHEHUS JaHHOTO aJITOpPUTMA JJIsl JACKOJUpPOBaHUs 0000-
meHHbIX kogoB Puna—Conomona, konoB lonmbl, komoB boy3za—YHoynxypu—XoKkBUHTeMa U KOJIOB
Pupna—ConomMoHa B ciydyae omMOOK U CTUPaHHM.

Krroueswvie crnosa: momexoycTolunBbie Konibl, KoJbl Puna—Conomona, kozel Tonmel, koasl boyza—
Yoynxypun—XoKBUHIeMa, JEKOIUPOBAHUE KOJA.

1. BBeaenue

Konpl Puna—Conomona (PC) sBnsitoTcs BaKHBIM YacTHBIM cilydaeM KoaoB boyza—Yoynxypu—
XokBuHrema (BUX), muIMHBI KOTOPHIX PaBHBI MOLIHOCTH MYJIBTUIUIMKATUBHOW TIPYMIbI MOJS, Haj
KOTOPHIM OHHU 3aJiaHbl. BaxkHo#l ocobeHHOCThIO K00B PC siBiisieTcss BO3MOKHOCTH HCHPABICHUS
MHOTOKPATHBIX MaKeTOB OMIMOOK M TOT (DaKT, 4TO OHHU Jiexkar Ha rpanune CuHriToHa. B Hacros-
1iee BpeMsi UMEETCsl HECKOJIBKO XOPOLIO U3BECTHBIX aIrOPUTMOB JiekoaupoBanus kogoB PC. B cuity
cneruduku kogoB PC 3TH alirOpUTMEI TO3BOJISIFOT BOCCTAHOBUTH KOJIMYECTBO UCKAKECHHBIX JAHHBIX,
KOTOPO€ MOXET JOXOAHUTH J0 TOJOBUHBI KOJTUYECTBA U30BITOUYHBIX NaHHBIX. Hanbosnee n3BecTHBIMU
anroput™MaMu AexoaupoBaHus kojgoB PC sensrorcsa anroputm Ilurepcona—lopencreitna—L{upnepa,
anroput™m Cyrusmel—Kacaxapsi—XupacaBel-HamekaBbl, anroputM Ha ocHOBe MeToaa bepiexammna—
Meccu [1, 2]. JlaHHble anropuTMbl HAXOAST PEIICHHUE TaK HA3bIBAEMOTO KJIFOUEBOTO YpaBHEHHS B
YEeThIpe ATana: BHIYMCIEHUE KOMIIOHEHT CHHAPOMHOIO BEKTOpA, BHIYMCIIEHHE MHOTOWIEHA JIOKAaTo-
POB OIINOOK, HAXOXK/I€HNUE KOPHENH MHOTOYIEHA JIOKATOPOB OIIMOOK, BHIYUCICHHE 3HAaUEHUH OIINOOK.
K maHHBIM anropuTMam MOXKHO Takke T0O0aBUTH aJITOPUTM HAXOXKACHUS 3HaYCHUI ommnOoKk DopHH.

Hns xonoB PC Tao [3] um Illumo3aku [4] mpennmoxuiau Oosiee MPOCTOW M €CTECTBEHHBIN ajro-
PUTM JIEKOIMPOBAHUS. ACUMITOTUYECKAS CIOKHOCTh JaHHOTO aJITOPUTMa OLEHUBAETCS BEIMYUHON
O(n(logn)?), KoTopasi COBIANAET CO CIOKHOCTBIO JIyYIIMX aJITOPUTMOB JeKoaupoBanus koxa PC,
MPUYEM €T0 OMHCAHHE SIBJISETCS CaMbIM MPOCTHIM M3 OMHCAHUN MU3BECTHBIX aITOPUTMOB. J[aHHBII
QITOPUTM COCTOMUT M3 TPEX ILAroB: MOCTPOEHUE MHTEPHOJSUOHHOTO MHOTOUIEHA, MPUMEHEHHE
HE3aKOHUYEHHOTro 00001eHHoro anroputMa EBkinaa, nenenue MHOTOUJICHOB.

Anroputm ["ao xopoio agantupyetcs 1uist fekoaupoBanus 0000meHHbx kojoB PC, komos BUX,
konoB [omnmel, nekoqupoBanus koaoB PC B ciayyae omuOOK U CTUPaHUA, 4TO U Oy/IeT MPOJEMOHCTPH-
pOBaHO B JaHHOU pabote. [lj1 KaK0ro ajaropuTMa NpUBEIEH NPUMED IEKOAUPOBAHMSL.

3aMeTHUM TakXke, YTO BaXKHOCTh MCCIIeI0BaHMs KOJI0B [ onmbl 00yClIOBIeHa e1Ie U TEM, YTO Ha UX
OCHOBE CTPOSITCA MEPCIEKTUBHBIE IOCTKBAHTOBBIE KPUIITOCUCTEMBI [5].

2. AJITOpUTM JAeKOoTUPOBaHMS 00001eHHBIX KO10B Puia—Cosiomona

Hanomuum omnpenenenne 0606mieHnoro koga Puna—Comomona. Ilycts a = (g, g, ..., 1),
e «; — pasnuynele dementsl nomst GF(¢™), v = (Yo, Y1, - - -, Yn—1) — HEHYNIEBBIC (HE 00sI3aTEIb-
HO pasznuunbie) snmeMeHTtsl u3 G F(¢™). Torna 0606menHbiit kox Puga—Conomona, 0603Ha4aeMbIit
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GRSk(,y), COCTOUT U3 BCEX KOMOBBIX BEKTOPOB BH/IA:

u = (yob(w), y1b(ar); - - -, Yn—1b(an-1)), (1)

e b(x) — nadopmaoHHbIe MHOTOWICHBI HaJ tosteM G F'(¢™), cTeneHn KOTOPBIX He MPEBOCXOASAT
k — 1. Ilpu aTom KomoBoe paccrosiaue koga GRSy (a,y) paao d =n — k + 1.

[Ipu onmucaHWU HIDKECTIEIYIOIIErO0 ajrOpuT™Ma, a TakkKe ero 00OCHOBaHHS B BHUIE TEOpeMbI |
Oynem cienoBath pabote [6].

OnpenenuM MHOTOYJIEH:

m(z) = (z — o)z —ay) ... (T — a,_1).

Hanpumep, eciu «; npoberarot Bee anemenTsl ot GF(q), 1o m(x) = 2" —x. Ecmun|g—1 u
3J€MEHT « HWMeeT MopsaoK n (B MyIbTHIUIMKartuBHOM  rpymnme  GEF*(¢™)), TO
m(r)=(x—1)(z—a)...(x —a" 1) =2" - 1.

ITyctp KOmOBBIH BEKTOp © MOJY4YeH Ha OCHOBE MH(OPMAIMOHHOTO MHOTOYJICHA
b(z) = by + bz + ...+ by_12* ¢ momompto (1), v = u + € — NONYYEHHBIA Ha TIPUEMHOM KOHIIE
BEKTOP, B KOTOpOoM ¢ omubok, X = o, , ..., Xy = ;, — JIOKaTopsl omMOoK, Y = ¢€;,,...,Y; = ¢€;,
— 3HAYCHUsI OIMOOK. MHOTOUICH JIOKATOPOB OIIMOOK 3alHIIEM B BUJIE:

o(z) =(r—X1)...(x — Xy).

Ecnu ommn6ok He Obu10, TO Oynem mosarars, 4to o(x) = 1.
Ecimn v; = w;, 10 v; = y;b(;). Ecnm v; # w;, TO HAa HO3WLKH ¢ TIPOM30ILIA OIIKOKA, TI0ITOMY
o(«a;) = 0. U3 atoro ciemyer, 4to

U(Oéi)yi_lvz' =o(a)blay), i=0,1,...,n—1.
O6o3HaunM p(x) = o(x)b(z). 3ameTum, 4To

n+k

d—1
degp(z) < T+k—1 <
Torma
o)y vy = plag), i=0,1,...,n—1.

[TocTpouM UHTEPIONANMOHHBIN MHOTOWIEH Jlarpamka f(x) cTeneHu He BbIIe n — 1, IPOXOs-
o —1 ~1 ~1 )
i yepes Touku (ag, Yo Vo), (01, Yy U1) e s (U1, Yp-1Un-1)"

flay) =y vy, i=0,1,....n—1, degf(z)<n-—1.
Torna u3 paBeHCTB
J(az)f(az) _p(O‘i)a iZO,l,...,n—l
HOJIy4aeM CpaBHEHHUE:
o(x)f(x) = p(x) (mod m(x)). @)
HeiicTBuTensHo, pasnenanm ¢ ocratkoM o(z) f(z) u p(x) na m(x):
o(x)f(x) = q(z)m(z) +r(x), degr(z) <n,
p(x) = q(z)m(z) +7(x), degr(x) <n.
Tak kak m(a;) = 0, TO:

r(a;) = o(a)f(a) =pla;) =7(e;), i=0,1,...,n—1.

Tax kak MHOrOWIeHB! 7(z) M 7(r) COBHANAIOT B N TOUKAX (IPHYEM «; # «; NPH § # j) U
UMEIOT cTelieHb He 6onee n — 1, To r(z) = 7(x). CiexoBareabHO, Oy4aeM cpaBHeHue (2).
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Aaroputm 1 (aaroputm aexoaupoBanus s 0000meHHbIX kogoB PC).

Bxon: npuHATHII BEKTOp 0.

BrIxon: HCXOoqHbIN HHBOPMAIIMOHHBII BEKTOp b, ecim mpou3onwuio He 6omee [(d—1)/2] omunboxk,
e | | — menas yacth 4ncia.

1. UnTepnomnsips. CTPOUTCSI HHTEPHOJSIIMOHHBIH MHOTOWIEH f(x), U KOTOPOTO

flay) =y v, i=0,1,...,n—1.

2. He3akoH4eHHBI 00001meHHbi anroput™ EBknuna. Ilycts r_q(z) = m(x), ro(z) = f(x),
v_1(z) = 0, vo(z) = 1. [IpOU3BOAMUTCS MOCIIENOBATEILHOCTD ACHCTBHI 000OIEHHOTO AIrOpUTMa
EBxnnna:

Timo(x) = 1i1(2)Gi—1 () + i),
vi(x) = via(x) — Vi1 (@)gia(z), 21,

JI0 TeX 0P, 10Ka He JOCTUraeTcst Takoe 7;(x), Uit KOTOPOro

n—+k n—+k

degr;_1(x) > 5 degr;(z) <

~ N

ri(x
v; ()

Teopema 1. Eciu B komoBoM Bekrope mpowmsouuio He Gonee [(d — 1)/2] ommbGOK, TO anroputm
AeKoaupoBaHus 1 Bceraa NpUBOAUT K €IMHCTBEHHOMY PEIICHHIO, @ HMEHHO, K HCXOAHOMY HH(Op-
MallMOHHOMY BEKTOpY b.

Joxa3areabcTBo. [Iycth b(x) — HCXOqHBIN HHBOPMAIIMOHHBII MHOTOWIEH (KOTOPBINA COOTBET-
cTByeT BeKTOpy b), u(x) — KOIOBBI MHOTOYICH, MOMyYeHHbINH ¢ momomipio dopmyssr (1). IMycts
MHOrowieH omubok e(z) umeer Bec He Oomee [(d — 1)/2], v(z) = u(z) + e(x) — npuHATHIA Ha
HPHEMHOM KOHIIE MHOTOWIEH. 3aMeTuM, 4To st o(z) u p(x) (MCTHHHBIC 3HAYCHHS), KOTOPbIE MO~
JIy4eHbl Ha OCHOBE HCXOAHBIX JaHHBIX, CPaBHEHHUE (2) BBIIOIHEHO, npuueM b(z) = p(z)/o(z).

ITycTh ¢ MOMOIIBIO AIropuT™Ma 1 moiydeHs! 3Ha4eHus 7;(x) U v;(x), mpHayeMm

3. denenne. MHpOpMaMOHHBI MHOTOYICH paBeH b(x) =

k k
n;L , degrj(x)<n;_ .

degr;_i(x) >

[Tokaxewm, uto v;(x) memutes Ha r;(x), npudeM 7;(z)/v;(x) = b(x). JIOMHOXHUB IepBOE H3
IPUBEICHHBIX HI)XE CPABHEHMUI

o(x)f(z) = p(x) (mod m(z)),
vi(x)f(x) = rij(z) (mod m(x))
Ha v;(x), a Bropoe — Ha (), MOJIy4uM:
vj(x)p(x) = o(x)r;(z) (mod m(x)). 3)

OrneHuM CBEpXy CTETICHHM MHOTOUYJICHOB W3 JICBOM W MPaBOM yacTeil maHHOTO cpaBHeHUs. [[s
MHOTOYJIEHA U3 MPABOW YaCTH CPaBHEHMUS:
d—1 n+k

dego(z)rj(z) < —5 + 5

n.

YuuTsiBasi, 4T0 A1 JI0OOTO ¢-T0 mara 0000IIEHHOTO anropuTMa EBKITHMIa BEITIOTHEHO:

degvi(z) = degm(z) — degri_1(z),
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HOJTy4aeM:
degv;(z) = degm(x) — degrj_i(z) <n — n ; b = d; 1.
ITosToMy
degv;(z)p(z) < % + ;— L n.
CrnepnoBarenbHO, U3 cpaBHEHUs (3) ModyyaeM paBEHCTBO:
vi(@)p(e) = o(z)r;(x).
Tak xak p(z) = o(x)b(x), 10 7j(x) = vj(2)b(x). O

3ajaya HAXOXKACHHUS MHTEPIIOJSIITUOHHOTO MHOTOUYJIEHA TECHO CBsi3aHa C 3ajadyeil oOpaiieHus
Matpuilsl Bangepmonaa. [Tomumo knaccuaeckoro Merona ["aycca cymecTByrOT anropuTMbl oOpariie-
HUS MaTpullbl BannepMoHIa, KOTOpPBIE YUYUTHIBAIOT €€ CTPYKTypy. B pabore [7] mpuBogsatcs dop-
MYyJIbl 71l BBIYUCIIEHUSI 00OpaTHOW MaTpHIlbl K Marpuile BannepMonaa cnenuansHOro Buaa Haj Ko-
HeyHBIM TosieM. B pa6ore [8] nmpuBomuTes anroput™ co cioxaocTeio O(n?). B padorax [9, 10, 11,
12, 13] npuBoasTest anroputMel co cnoxkuocTbio O(n?). B mo6om ciydae oOpalieHue MaTpHIlbI
Bannepmonaa siBisieTcst MpeIBBIYUCIICHHEM U HE BIUSET HA CI0KHOCTH aJTOPUTMA JICKOAUPOBAHUSI.
Ipumep 1. Paccmorpum 0606menHbIi kox Puna—Conomona Hag monem GF(7) ¢ mapamerpamu
n=>5k=3,d=3,a=1(23,4,56), y = (1,2,3,2,1). Jlna nannoro xoma MHOrowieH m(r)
MIPUMET BU/I;

28 —1

m(z) = (x —2)(x — 3)(z —4)(x — 5)(x — 6) = 1 =1+az+a2*+2°+2" +2°

Huxe npusenena marpunia Bannepmonga V' Ha ocHOBe BekTopa «v, oOpaTHas K HeW Marpuia
V~! u nquaronanbHas MaTpuia Y Ha OCHOBE BEKTOpA Y :

11111 15015 10000
2 3456 25 6 4 1 02000
V=|4224 1|, vi=]132032],.Y=|003200
1 616 6 42361 00020
2 44 2 1 50505 00001

3ametuM, 9TO TepBbie k = 3 cTpoku Matpuibl V'Y o00pa3yror nmopoxmaromyi marpuiy G
HAIIIETO KOJa.

Ilycte b = (2,4,1) — uHPOPMAIMOHHBIA BEKTOP, KOTOPBIA COOTBETCTBYET MHOTOUJICHY
b(x) = 2 + 4x + 2. [Iporiecc KOXMPOBAHKS MOXKHO 3AMKMCATh B CIEAYIOIIEM BHJIE:

U = (yOb(a0)7 ylb(al)a s 7yn—1b(an—1)> = bG.

ITocse komupoBaHus HHPOPMAIIMOHHOTO BEKTOpa b mosy4aem KofoBbiii Bektop u = (0, 4,4, 3, 6).

[IpeArnonoXuM, 4T0 Ha MPHEMHOM KOHIE MPUHAT Bektop v = u + e = (0,2,4,3,6), rme
e =(0,5,0,0,0) — BexTOp OIKOOK. [I[pMEHUM alrOPUTM IEKOAUPOBaHHMS 1.

1. Unrepnionsuus. BeraucnseM kodpduumentsl MEOrOwIeHa f(x) = fo + fix + ... + fix?:

(f07f17f27f3af4) = (07274a 376)Y_1V_1 = (0767273a6)'

2. HeszakoHueHHbII 0000meHHbId anroputv EBkiamma. Ilomaraem r_i(z) = m(x),
ro(x) = f(z), v_1(z) = 0, vo(z) = 1. Ilocne npuMeHeHHUs MEPBOro Iara 000OIIEHHOro aNro-
putMma EBknmnaa
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r_1(x) =ro(x)(3+62) + 1+ 4z + 2% + 2%, ri(z) =1+ 4z + 2* + 2°,
v(r) =—3B4+6x)=4+=x

nporecc ocraHaBiuBaercs, Tak kak degro(z) = 4, degri(z) = 3, npuuem (n + k)/2 = 4.
3. denenune. Mcxoausiit ”HGOPMAIIMOHHBIH MHOTOUYIEH PaBeH:

b(x) = =2 +4x + 2%

3. lexoqupoBanue koo bUX

Jnst mocTpoeHust anroputma AekoaupoBanus 11t kogoB bUYX Ha ocHoBe MeTona ['ao Ham noHa-
J0OUTCS CIEAYIOIIEee XOPOIIO U3BECTHOE YTBEPIKICHHUE.
Ipennoxenne 1. ITycts kog BUX A nag nonem F' = GF(q) ompenensiercsi MOCIeI0BaTeIbHOCTHIO
KOpHEH
o, oM a2 e GF(¢M)

nopoxaroniero MHorowtena ¢(x) € Flz], tae o — npuMuTHBHBIN dmemenT nons GE(¢™).
ITycts A — kon Puma—Comomona max momem GF (¢™) ¢ TOpPOKIAIOIIUM MHOTOYWICHOM
3(z) = (z — a))(z — o) ... (x — a!*92). Torna xox A sBusercss orpannueHHeM Koxa A Ha
noanone GF(q), T.e. kon A COCTOMT U3 BCeX TAKHX U € A, KOMIIOHEHTBI KOTOPBIX TIPHHAIEKAT
nomo GF(q).

3aMeTHM, 4TO mpesioxkenne | BepHo s moboro o € GF*(q). B atoMm cityyae IIMHBI KOJIOB
A u A pasubl nopsaxy dnementa o npu § > 2. Ilpu sTom kox A yxe GyleT momnazath mos
onpeneserne 0606menHoro kona Puga—ConomoHna.
Aaroput™m 2 (aexogupoBanne koga bUX).

Bxon: npuHATHII BEKTOp . _

Bbixoa: ucxo/HbIHi kogoBbli BekTop u € A C A, ecan uncio ommbok He npesbiniaet [(d—1)/2].

1. BeKkTop v ACKOAMPYETCs C IOMOLIBIO anropuT™a 1 juis koga A (IIpH 9TOM IONaraercs, 4ro
m(x) = z™ — 1), KOTOpbIii BO3BpaImaeT WHGOPMAIIMOHHOW MHOTOWICH b(r), COOTBETCTBYIOIINIT
BEKTOPY U.

2. Tlocre 9TOTO OCTAETCs MOMYYUTh BEKTOP ¢ HA OCHOBE b(Z) ¢ MOMOMIBIO GOPMYIIBI:

u = (b(1),b(a),...,b(a"1)).

l'[pnMep 2. Paccmorpum kox BUX man momem GF(23), MOCTPOEHHBIM Ha OCHOBE MHOTOYJIEHA
r+r+1c OPUMHUTHUBHBIM 3JICMEHTOM (¢:

a¥= 1 = 100, o= a = 010,
a? = a? = 001, ad= 1 +a = 110,
at = a +a? = 011, o= 1 +a +ao? = 111,
A= 1  +a2 = 101, o= 1 — 100.

B kauectBe MOpOXAAIOIIET0 MHOTOWIEHA PAaCCMOTPUM  TMPUMUTHUBHBIA  MHOTOWIEH
g(x) = 2+ x4+ 1. Xopouio M3BECTHO, YTO MmodydeHHbI koa BUX sBnsgercs xogom X>mMMmuHra
c mapametrpamu n = 7, k = 4, d = 3. C ogHOU CTOPOHBI, AJI JAHHOTO KOJa CYIIECTBYIOT 3(h-
(heKTUBHBIE aNTOPUTMBI JeKoaupoBanus. C Apyroil CTOPOHBI, STOT MPUMED SIBIISETCS WILTIOCTpaluen
npuMeHeHus anroputma ['ao x kogam bBUX.
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[10CTPOMM KAHOHMYECKYHO (POPMY MATPHIIBI TSl HAIIETO Kozia. J[yist 3Toro pasnenum ' ¢ ocrar-
KoM Ha ¢(z):
=g(x)-1+1+uz, vt =g(z) - x+ 2+ 2%
=gx)- A+2)+1+x+2% 2°=g(x) - 1+1+2%

[Tomyuaem noposkaatonryro Marpuny (G B KAHOHHYECKOM BUJE:

1101000
01 10100
G= 1110010
1010001

3akoaupyeM uHpOpMaMOHHbIH Bektop @ = (1,0,1,1):
u=1G=1(1,0,0,1,0,1,1).
[Ipeanonoxum, 4To Ha MPUEMHOM KOHILIE MOTYYEH BEKTOD:
v=(1,0,0,1,0,0,1) = u +e,

e Bektop ommbok paseH e = (0,0,0,0,0,1,0).

Jlnst nexkonupoBanus MHorowteHa v(z) = 1423 +x% npumennm anropurm 2. st 3Toro cHavana
PaccMOTPUM 3TOT MHOTOWICH KaK HCKa)KEHHbBIH KOZOBBIN MHOTOUIeH (7,5, 3|—kona Puna—Conomona
nag onem G F(23) ¢ mopoxmaromum muorounenom g(z) = (r—a)(r —a?). Marpuna Bangepmon-
Ja (B JaHHOM cllyyae, B YaCTHOCTH, MaTpulla TUCKpeTHOro npeodpaszoanus Oypbe) JUisl JaHHOTO
kona Puna—ConoMoHa u ee oOpaTHast UMEIOT BU:

1 1 1 1 1 1 1
1 o a®> o ot o&® af
1 o2 a* o a o® &
V= (O/j) =11 a® a® a® &® a o |,
1 o a o a® of o
1 & o a aof ot o
1 o a&® o &® o «a
1 1 1 1 1 1 1
1 o a&® o &® o «a
1 - 1 & o a af ot o
Vl=2= (of”) =11 a* a o o o o
" 1 o a% o2 &®° a of
1 o2 a* o a o® &
1 o o®> o ot o® af

1. UnTepnonsius. Beraucisiem muorowiex f(x):

(fO)flaf27f37f4af57.f6) = UV—l = (17a67a57a67a3aa37a5)7
f(z) =1+a8s + a2 + ab2® + o®2* + 2" + a®2F.

2. TlpuMeHeHME HE3aKOHYEHHOTO  0000meHHoro amroputma Eskmmpa.  Ilomaraem
r_i(x) =27 =1, ro(x) = f(z). Torma
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27— 1= f(z)(1+ a?x) + 2 + a2% + o®23 + 2t + a?ab,
vi(x) = —(1+ a?z) = 1 + a’x.

3. JlemeHue:

4. HaxoauM KOZOBBIIT MHOT'OYJIEH
u = (b(1),b(a),...,ba%) =(0,1,1,0,1,0,0)V = (1,0,0,1,0,1, 1),

U3 KOTOPOTO M3BJIEKaeM MCXOAHbINH HH(pOpMaIMoHHbIH Bektop i = (1,0,1,1).

4. lexonupoBanue koaoB Puna—CosioMoHa B ciiyyae olIMOOK M CTUPAHMH

ITycte kox PC nanx nonem GF'(q) mumeer mapamerpsl [n,k,d = n—k+ 1], n =q¢—1, «
— mpuMHUTHBHBIA snement ot GF(q), g(z) = (z — 1)(z — @) ... (z — a"!) — nopoxknaroumii
MHorowieH. [lycTh Ternepb B KaHaje CBSA3U NMPOUCXOAAT OMIMOKU M CTHpaHus, d > 2t + r + 1, tae
t M r — 9uCI0 OMMUOOK M CTHPAHHH COOTBETCTBEHHO. [IpenmonoxumM, 4To B IPHHSATOM BEKTOpE
NPOU30ILIO ¢ OMHOOK U 7 CTHPAaHWH, IpHdeM 1 — MHOXXECTBO IO3HMIHUI B BEKTOPE v, HA KOTOPBIX
npousonun crupanus. O003HaYMM 4epe3 v HOBBIH BEKTOP JJIMHBI 7 — 7, KOTOPBIHA MOIyYeH U3 BEK-
TOpa v IyTeM YIaJICHHs KOOPAWHAT C HOMEpaMH, MpHUHAUIeKAUMI MHOXecTBy K. Tem campM
MBI PacCMaTpUBAEM HOBBIH 0000mIeHHbIH Kkoa Puma—ConoMoHa IIMHBL 77 = N — 7, Pa3MEPHOCTH
k = k u c xomoBbIM pacctostHueM d = n — k + 1. Jlns nexoaupoBaHus HHOOPMAIIHOHHOTO MHO-
rowieHa b(z) MOXHO MPUMEHHUThH AJITOPUTM 1, KOTOpBIA OymeT paboTarth ¢ BEKTOPOM U M HOBBIMH
napamerpamu 71, k u d. BeKTOp y B JAHHOM AITOPHTME TONATaeTes COCTOSLMM M3 eauHmi. TIpn
3TOM PacCMATPUBAIOTCS TAKUE CTENEHH (', T KOTOPBIX ¢ ¢ R, a MHOTOWIEH m(x) UMEET TaKoi

BHI: .
m(z) = H (x —a').

0<i<n-—1,
iZR

Hesakonuennsiit anroputM EBxinna mara 2 anroputma 1 Oyzmer paborars 10 TE€X IMOp, MOKa He
JOCTUTHETCS Takoe 7;(x), 4To:
n+k n+k
degr;(z) < 5

degr;_1(x) >

Taxk kak m1st gagHoro o0oo01enHoro xkoaa Puga—ColoMoHa BBITIOIHEHO d > 2t + 1, To U3 TEeo-

peMmsl 1 crieyert, 4To Takol aJlTOPUTM JIEKOANPOBAHHS OJHO3HAYHBIM 00Pa30M BO3BPATUT MCXOIHBIH
UH(POPMAIIMOHHBIA MHOTOUIICH b().
Mpumep 3. Tloctpoum kox PC wam momem GF(11) ¢ mapamerpamu n = 10, & = 5,
d=n—k+1=06.Yucno o = 2 siBIAETCS IPUMHUTHBHBIM d71eMeHTOM noist GF'(11) (uHBIME ci10Ba-
MH, NIEPBOOOPA3HBIM KOPHEM KOJIbIIA BEIUETOB IO MOAYIIO 11, Tak Kak MO KPUTEPHIO EPBOOOPA3HO-
O KOPHS JUIsl TAHHOTO CITydasi JOJDKHO ObITh BhIMONHEHO o> Z 1 (mod 11) m o® # 1 (mod 11)).
JIaHHBIN KOJ MOXKET MCIIPABIATH JTUOO /10 IBYX OMHMOOK M OJHO CTUPaHUE, TMOO OAHY OUIHOKY H JI0
TpeX CTUpaHuil, 1100 10 MATH CTUPAHUH.

Paccmorpum ciyuaii ofaHoW ommOku u Tpex crupanuit. [Iycte b = (7,2,8,1,4) — undopma-
LIMOHHBIN BEKTOP, KOTOPBIH COOTBETCTBYET MHOTOWwIeHy b(x) = 7 + 2x + 822 + 23 + 4a?. Tlocne
KOAMPOBAHUSI 3TOTO BEKTOPA MOTydaeM:

u = (b(1),b(a),...,b(a")) =(0,5,10,7,4,5,3,9,7,9).
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IIycTh Ha IPUEMHOM KOHIIE ITOIIyYEH BEKTOP
v = (07 57 107 77 17 *7 37 *7 77 *)7

T.€. MPOU30IILIA OTHA OLIHOKA U TPU CTUPaHMs (3aMETHUM, YTO Ha IPHUEMHOM KOHIIE UCXOIHBII BEKTOP
U TIOKa HEU3BECTEH).
YI[aJ'H/IB B BCKTOPE v CTCPTHIC CUMBOJILBI, IMOJTYyYUM HOBBII BCKTOp

7=1(0,5,10,7,1,3,7),

B KOTOPOM TOJIbKO OfiHa ornOka. Ceiiuac Oyznem paccmarpuBath 00001eHHbIN ko1 PC mmuHel 1 = 7,
pasMepHocTH k = 5, ¢ KOJJOBBIM paccTtosiHieM d = 3. MHOXecTBO R MO3UIMIA CTEPTHIX CUMBOJIOB
paBao R = {5,7,9}. CocraBnsieM MHOTOWICH M (Z):

m(z) = (v — a")(z — ')z — o)(z — a’)(z — a*)(z — a°)(z — %) =

=(x—1)(z—=2)(z —4)(x —8)(x —5)(x —9)(z —3) =
a'? —1 2 5 6 7
= (m—lO)(x—?)(a:—6):6+10$+10x +5x° 4+ +x'.

[Toctpoum marpuity Bangepmonma V' st Bexktopa (1,2,4,8,5,9,3) u ee oOpaTrHyr0 Marpuiy
|

11 1 1 111 8 39991 6
1 2 4 8 59 3 8 10 0 0 0 3 1
1 4 5 9 3409 4 4 41 3 5 1
V=18 9 6 435 |,V'=]9 1000210
1 5 3 4 9 5 4 6 9 3513 6
1 10 1 10 1 1 1 8§ 2 5 3 4 1 10
19 4 3 59 3 2 4 145 7 10

1. Untepnonsuus. Beraucnsem kodddumuentsl Maorownena f(z) = fo+ fix + ...+ fex®:
(for f1s-- - fo) = (0,5,10,7,1,3,7)V"" = (0,8,10,8,1,2,4).

2. Tlpumenenne o6o6meHHoro amroputma EBkmmpa. Ompenensem r_i(z) = m(x),
ro(z) = f(z) u npumensiem anroputm EBkinma:

m(z) = f(2)(7+32) + 6 + 9z + 4% + 22° + 22 + 1027,

v1(z) = —(7+ 3z) =4+ 8.

TTocie mepBOTO 1ara OCTaHABIMBAEMCs, TaK Kak (7 + k) /2 = 6, degro(z) = 6, degri(z) = 5.
3. leneHue:

r1(x) _ 6492+ 422 + 223 + 22" + 1025

=7+ 2z 4 82 + 2° + 4a™.
(@) 11 8z + 2x + 3z + x° + 4x

b(x) =

5. AekonupoBanue koa0B ['onnbi

Ompenenenue xona ['onmsl [ 14] ¢ BekTOpaMu JUIHHBL 17, Ka)KAasi KOMIOHEHTA KOTOPBIX IPUHAIIE-
xut nomo GF(q), onupaercs Ha 1Ba 00bekTa: MHOrowieH G(z) creneHu r ¢ KodhPUIUeHTaMH U3
nosst GF(q™), KOTopbIil Ha3bIBaeTCsi MHOTOWIEHOM [ommbr; moaMuokecTBO L = {ag, g, .., 1 }
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anemeHToB ot GF(¢™) Takux, uto G(o;) # 0 mist Beex «; € L. OObIYHO B KadecTBe L BbIOHpa-
eTCsl MOIMHOXKECTBO BCeX deMeHToB 1ojist G F'(¢™), KoTopble He SIBISIOTCS KOPHSAMH MHOTOYJICHA
G(z).

Koz Tonmer I'(L, G) coctout u3 Bcex BEKTOPOB 4 = (g, Ui, ..., U,—1) C KOMIIOHCHTAMH U3
G'F(q), st KOTOPBIX BBIMOIHEHO CPaBHEHHUE:

—_

n—

Uy

B — =0 (mod G(z)).

7

Il
o

Xopomio M3BECTHO, YTO JUIsi KOMOBOTO paccrosiHus koma ['(L,(G) BBIMOTHEHO HEPABEHCTBO
d>r+1.

Crnenyroiiee yTBepxKaeHue (CM., Harp., [15]) roBopUT 0 TOM, 4TO KOABI [ ONIMBI SBISIOTCS Orpa-
HUYeHUsIMH k0710B Pra—ConoMoHa Ha moarmose (T.e. ajJbTepHATUBHBIMU KOJAMH).
Teopema 2. Kox I'(L, G) npexacrasisier coboit orpannuenue kona GRS, (L, y) va noxnone GF(q),

tmen—r=4k,y= (Yo, Y1, Yn-1),

1 :
v = G(oy) H —\ i=0,1,...,n—1. )]
: a; — Oy
0<j<n—1,
i
JlaHHas TeopeMa O3Ha4aeT, 4To K KojaM [OMITbl MOKHO HPUMEHSTH alrOPHTMBI ICKOIUPOBAHHS
Ut 00001EeHHBIX Kon0B Pruna—ConomoHa.
Auaroputm 3 (nekoaupoBanue koaa I'onmsr).
Bxon: mpunsaThIil BekTop v = u + e, tne u € I'(L,G) C GRS, _.(L,y).
BBIXOI: MCXOMHBIN KOMOBBIH BEKTOp ., €CIU MPOU30ILI0 He Goree [r/2] omubok, [ | — memas
YacTh YHCIA.
1. K BeKTOpYy v MPUMEHSETCS alTOPUTM 1, Ha BBIXOJE KOTOPOTO MOIy9aeM MHOTOWIeH b().
2. Beraucnenue KoI0BOTO BEKTOpa U :

u = (Yob(), y1b(vr), . . ., Yn—1b(atn_1)).

Teopema 3. Eciu B KOOBOM BEKTOpE MPOM30MLIO HE Goiee [r/2] omuboK, TO alNropuT™ JeKOIUPO-
BaHUs 3 BCerza MPUBOJMT K €IMHCTBEHHOMY PEILICHHIO, 8 IMEHHO, K HCXOJHOMY KOJOBOMY BEKTOPY
u xoma I'(L, G).

HNoka3zatenabceTBo. [Tycts ko I'(L, G) umeer komoBoe paccrostue d > r + 1, r = deg G(x).
Iycts u € I'(L,G). Tak kak xon I'(L,G) siBnsiercs orpanndenuem koma GRSk(L,y) nHa moa-
none GF(q), TO © MOXHO IOJYYUTh C MOMOIIBIO KOIHPOBAHUS HEKOTOPOro MH(POPMALMOHHOTO
muorowrena b(x) koma GRSy(L,y) ¢ momompio dopmynst (1). Tlpu 3TOM KOIOBOE paccTosHHE
koma GRSk(L,y) paBao d = n — k + 1 = r 4+ 1. TlooTOMy eciu B BEKTOpE « MPOU3OLLIO HE
Oonee 7/2 OMmMHUOOK, TO UX MOXXHO HCIPABUTh HA OCHOBE OJHOTO 3 AJTOPHTMOB JCKOAMPOBAHUS
koma GRSk(L,y). YuursiBas Teopemy 1, mycTh mocie npuMeHeHust anropurma 1 noiyder nupop-
MalnOHHBIH MHOTOWIeH b(x) = r;j(x)/v;(x) xoma GRSy(L,y). Torna ocTanoch HaHTH MCXOIHBIIT
komoBbIi BekTop u koxma I'(L, ) Ha ocHOBe koaupoBaHus muHorouwieHa b(x) koma GRSy(L,y) c
nomoIbio popmyins (1). U

ITycts ko I'(L, G) siBnsiercst nBonynbiM. Eciin G() He uMeeT KpaTHbIX KopHei, To kon I'(L, G)
HasbIBaeTCs cenapabenvivim kooom onnet. Iycts G () — NOMHBINA KBagpaT HEKOTOPOTO MHOTOUJICHA
Han GF(2™) naumeHsiueii creneny, nensmuiics na G(z). B ciyyae cenapabenbaoro kona G(z) =
G?(x). Jlns MUHAMAIBLHOTO paccTosHus cemnapabenbroro kona (L, G) Bepna omenka d > 2r + 1
u BhIMonHeHo pasenctso 1'(L,G) = T'(L,G) (cM., Hanp., [15]). DT (aKThl HO3BONSIOT CTPOUTH
cenmapabensubiii kon ['(L, G) = I'(L, G), a anropuT™ AeKOAMpPOBAHHS 3 TIPHMEHATH OTHOCHTEIHHO
koma GRS, _o-(a,y), r = deg G(z).
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ITycts cnen snementa 3; € GF(2™) He paBeH Hymo, ¢ = 1,...,s. Torma XopoIio U3BECTHO,
gro muorouned G(z) = [[_,(2* + x + ;) He umeer xopeit B GF(2™). HanoMuum, 410 11
cenapabenbHOCTH MHOTOWIeHA (G() HEOOXOMMMO OTCYTCTBHE KPATHBIX KOPHEIA.

I[Tepen paccCMOTPEHHEM CIISAYOIIETrO IPUMepa 3aMeTuM, 4to eciu { g, o, . .., a1} = GF(¢™),

n = ¢q", ¢ —4eTHOE, TO Hogjan__l, (a; — ) = 1 st moboro ¢ = 0,1,...,n — 1. JlefictBuTenBbHO,
3

J
s moboro ¢ukcupoBannoro 3 € GF(¢™) orobpaxenue fz : GF(¢™) — GF(q™), onpeneneH-
HOe paBeHCTBOM f3(x) = = — (3, x € GF(q™), aBnsercs OueKTUBHBIM. [103TOMY B MPOU3BEACHUH
[To<i<n-1, (a; — ;) yuacTBYIOT Bce HeHyIIEBbIE IEMEHTHI IO, T.€. Kayk/Jasi CKOOKa — 9TO HEHYJIEBOH
i

3JIEMEHT IOJISI, IPHYEM BCE TaKHE dJIEMEHTHI pasiudHbl. OCTanoch 3aMETUTh, YTO BCE JIEMEHTHI U3
GF*(g™) sBstoTcst KOpHAMU MHOTOWIeHa T~ 1 — 1.
Mpumep 4. lycts F = GF(2%) — none, nocTpoeHHoe Ha 0OCHOBE MHOTOWIEHA 1 + x + 2% ¢ npu-
MHUTHBHBIM d5eMeHTOM @ € GF(23) (cm. mpumep 2). [Moctpoum [8,2]-kon Tommer I'(L, G) nan
nonem GF(2), B koTopoM MHO)ecTBO L u mHorowten G(z) onpenenenst mam GF(2%). Tycts
L=GF(2%) ={0,1,a,0?%...,0%, G(z) = 1 + x + x*. Tak KaKk CJIe/ eAMHHULBI HEHYICBOMH, TO
mHorowieH G/(z) He uMeeT KopHeii B mone G'F(23). Takxke Borancium G (z) = G%(r) = 1+22 2%,
Tak kak d > 5, TO KO MOXKET UCTIPABIATH | U 2 OMINOKH.

VuuTeiBasi TeOpeMy 2, JaHHBIA KO SBIsIETCs orpanuueHueMm koma GRS,(L,y) Ha moamorne

GF(2), e
yi = G(a;) H

0<j5<7,
J#i

1

OZZ'—OZ]'

=G(ay), i=0,1,...,7,

_ 3 6 3 5 5 6
y=(1,1,a°, a0’ a’,a’,a’,a”).

Marpuna Baugepmonna V' s koma GRS4(L, y), ee obparHas V! umarpuna Y umeror Buj:

111 1 1 1 1 1 1 0 0 0 O O 0 1
01 a o o a* o® af 0o 1 1 1 1 1 1
01 a®> o* o a o o 0 a® & a* o a? o 1
Vo 01 o> a® o2 &® a of v-lo 0 & o® a af ot o? 1
101 o a o o af o |’ 10 o a o o af o 1|7
01 a® o> a o ot ao? 0 &> o o> &® a ot 1
01 a% a® ot &® o « 0 &> o* af a o o® 1
01 1 1 1 1 1 1 0 a o a® o o of 1

Y = Diag(1,1,a?, a% a? o’ a° af),

rae Y — auaroHajibHas MaTpHILA.
Paccmorpum komoBsiii Bektop w = (0,0,1,1,1,1,1,1) € I'(L,G) = I'(L, G). Ilycth Ha ipuem-
HOM KOHIIE TIOCJIE MEPEJavn BEKTOPA U MOJIyYEH BEKTOP:

v=u+e=(0,0011101), e=(0,01,0,0,0,1,0).

Byzaem nekoqupoBats BEKTOp v € MOMOIIBE0 anroputma 1 st kona GRS, (L, y). B Hatuem ciy-

m(z) = H (x— ) =2®— 2.

BEGF(23)

Brrauciasem KO3(1)(1)I/II_II/ICHTLI HHTCPIIOJIANUOHHOIO MHOT'OYJICHA f(l') .
<f07 f17 ey f7> = UY?lV?l = (07 042, 07 07 a, Q, 044, Oé),

f(z) = oz + az* + az’® + o*2® + ax”.
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[Momaraem r_i(x) = m(x), ro(x) = f(xr) u npuMeHsIeM HE3aKOHUCHHBIH 0OOOIICHHBIN aJro-
put™ EBKnupa:

m(z) = f(z)(a® + abz) + oz + az® + adxt + ax® + a?2f,
= —(a® + a’z) = o® + o'z,

= ri(z)(a® + a’z) + otz + 23 + Pt

vo(x) =1 — (a® + a®z)v(x) = o' + a'x + a2

Tax kax st koma GRSy (L,y) n =8, k= 4, ('ﬁ—i—%) /2 = 6, TO mocIIe BTOPOTO 1Iara aliropuT™
EBknnaa ocranasnusaercs (degri(z) = 6, degra(z) < 6).
Nudopmarmonnsiii Maorowter b(z) xoma GRS4(L,y), KOTOpPBIA COOTBETCTBYET BEKTOPY U,

HUMEET BU: A , -
ro(x ar+x° + a’x

b(z) = : ): 1 4 s et
va(x) ot +atr +atx

Brraucnsem cam BCKTOD u:

U = (y0b<0)7 ylb(]')? y2b(04)7 cee Jy7b(a6)) - (07 07 17 17 ]-7 ]-7 17 1)
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On a simple algorithm for decoding BCH codes, Reed—Solomon codes, and Goppa codes
S. M. Ratseev, O. I. Cherevatenko

Gao obtained a simple and efficient algorithm for decoding Reed-Solomon codes. In this paper we
describe the use of this algorithm for decoding generalized Reed—Solomon codes, Goppa codes,
Bose—Chaudhuri-Hocquenghem codes, and Reed—Solomon codes with errors and erasures.

Keywords: error-correcting codes, Reed—Solomon codes, Goppa codes, Bose—Chaudhuri—
Hocquenghem codes, code decoding.



