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VK 004.021
AHaJIM3 U ONITUMHU3ANMUA KOHBEHEePHbIX aJITOPUTMOB
IMPOKOBEIATEJIbHON nepeaayu cranaapra MPI

M. I'. Kypnocos*

BhIIOSIHEH TEOPETUUECKUM U SKCIIEPUMEHTAIIBHBIN aHAIU3 BPEMEHU BBINOIHEHUS IPEBOBHIHBIX
anroputMoB onepauuu MPI_Bcast. B monenu XoKHU ONpenesieHbl ONTUMAIIBHBIE CTEIEHU JIie-
PEBBEB U pa3Mepbl CETMEHTOB B KOHBEHEPHU3UPOBAHHBIX BEPCUSX anroputmoB. Mccnenoanue
JITOPUTMOB BBINOJTHEHO € YYETOM JeTajied ux peanuzanuu B 6ubmanorekn Open MPI. IIpose-
JICHO 3KCIIEPUMEHTAIFHOE UCCIIeI0OBAHNE MACIITAOMPYyEMOCTH aJITOPUTMOB Ha BBIYHCIUTEIHHOM
Kiacrepe ¢ cerwio cBsizu Gigabit Ethernet.

Krouesvie crosa: mupokoBenarenbHas mepeaada, TpaHCISITMOHHEIN 00MeH, broadcast, MPI, na-
payiensHOE MPOrPaMMHPOBAHUE, BRIYACIUTEIBHBIC CHCTEMBI.

1. BBeaenue

Co Bropoii nonoBuHel 1990-X rogoB OCHOBHBIM CPEACTBOM CO3aHMsI NapaJlJIeNIbHBIX IPOrpamMm,
MEPEHOCUMBIX MEXKJy MIMPOKHUM CIIEKTPOM apXHUTEKTYp BBIUMCIUTENBHBIX cucteM (BC), sBisioT-
cs1 oubnuotexku crannapra MPI (message passing interface) [1]. bazoBeiM cpencTBoM B3ammonei-
CTBUSA TapajuiesibHO BhIonHstomuxcss MPI-iporieccoB sBisieTcst mepenada cooOIIEHUI MO KaHa-
nam cBa3u. CTaHAapTOM OmpezeNieHbl TpU THMAa WHGOPMAIMOHHBIX OOMEHOB MEXAY MPOIeCCaMU
MPI-niporpammsl: 0gycmoponuue obmensl (point-to-point communications), 0THOCTOPOHHHE 00OMe-
HbI (one-sided communications, remote memory access) U KoieKkmusHvle 0OMmersl (TPYIOBBIE, TIIO-
6anpHbIe, collective communications). B aBycTopoHHEM 0OMEHE ydacTBYIOT JIBa MpOIEcca MyTeM
SBHOTO oOpateHus Kk pyHkuusm nepeaaun (MPI_Send) u mpuema cooOuienus (MPI_Recv). [To6ou-
HBIM 3(pexTom 3Toro Buaa MHGHOPMAITMOHHOTO B3aUMOJICHCTBUS SBISETCS CUHXPOHU3AIMS BBIMOJ-
HEHMs TMapbl MPOLECCOB, YTO MOXKET OKa3aTh HEraTWBHOE BIUSHHME HAa MaclITaOUpyeMOCTb Mapaj-
JenbHOM nporpammbl. [Ipu oJHOCTOpOHHEM OOMEHE B ONEpalfio BOBJICUEH TOJBKO OIMH IMPOLECC,
KOTOPBIM BBIMOJHAET yHaJeHHyo onepauuto 3anucu (MPI_Put) unum urenus (MPI_Get) obGnactu
namsITi Jpyroro mnpouecca. CHHXpOHHU3ALUHU TPOIIECCOB HE MPOMCXOIUT, IMOKA COOTBETCTBYIOIIYIO
oTiepalyio SBHO HE BBI30BET OJIMH M3 MpoleccoB. KoleKTHBHbIE onepaiyy SBISIOTCS CaMbIMH pe-
CYPCOEMKHMH, B HUX Y4aCTBYIOT BCE€ MPOIECChl KOMMYHUKATOpa MapaienbHoi nmporpammel. CTaH-
napt MPI 3.1 onpenensier 17 KOJUIEKTUBHBIX ONEpalyil, KOTOPbIE MOKHO Pa3/IeJINTh HA TP TPYIIIBL:
TparcisimonHbiii ooMeH (TO, one-to-all broadcast/scatter), komtekropusriii (KO, all-to-one gather) u
tpancisiuonHo-uknndeckuit (TLHO, all-to-all/allgather).

B nannoii paboTre 0CHOBHOE BHHMMaHHE COCPEIOTOUYEHO Ha AJITOPUTMAax peaiu3aliy onepanun
TPaHCISIITUOHHON mepefadn coobmienus (one-to-all broadcast) u3 3agaHHOr0 KOpHEBOTO IMpoIliecca
BCeM ocTajbHbIM. [laHHas onepanus peanusyercs QyHKuuen

MPI_Bcast(buf, count, datatype, root, comm),
KOTOpasi BBIOJHSET Mepeaady M3 mamsTh npoiecca root Oydepa buf, cogepxaiiero count sie-
MEHTOB TuMa datatype, BceM mpoleccaMm KOMMYHHUKATOpa comm.

[TpousBoauTENHHOCTD (BpeMs BBINMONHEHUs) onepaiuu MPI_Bcast SBIsSETCS KPUTUYECKU BaXK-

HOW JIJIs1 HIMPOKOTO CIIEKTpPa MapaulebHBIX alTOPUTMOB M IporpaMM. B Tabn. 1 npuBeneHs! nake-

*Pabota BbinonHeHa npu nopuepxkke PODU (mpoext Ne 18-07-00624) u wactiuHoit ¢punancoBoii noanepxke Ipe-
sumuyma PAH (I'3 0306-2018-0012).
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ThI CyIIEPKOMIIBIOTEPHOTO MOJEIIMPOBAHMS, IPOU3BOAUTEILHOCTD KOTOPBIX B 3HAYUTEIILHON CTEIICHU
3aBUCUT OT BPEMEHU BbINOJIHEHUS onepannu MPI_Bcast. Pe3ynbraTsl osry4eHsl IyTeM aHaJIn3a OT-
yetoB MexayHaponHoro npoekta HPC Advisory Council [2, 3]. dyHKIMU nepedrcieHbl B MOPsAKe
yOBIBaHUs YacTOTHI BBI30BOB M CyMMAapHOIO BPEMEHHU UX BbINONHEHMs. [l psia makeToB MpuUBe-
JIeHbI 3HAUEHHsI Pa3MepOB COOOIIECHUH, XapaKTepHbIE AJIsl TECTOBBIX HAOOPOB JAaHHBIX, HA KOTOPBIX
BBINOJIHSUIOCH TPO(UIMPOBAHUE TTAKETOB.

Tao6numa 1. [lakeTsl mapayuieIbHOTO MOJIEITHPOBAHUS, IPOU3BOIUTEILHOCTh KOTOPBIX 3HAYUTEIBHO
3aBUCUT OT BPEMEHU BBINOIIHEHUS onepanuu MPI_Bcast

[Taker [Ipenmernas obmactpb Pa3meps! coobuiennit
Abaqus NHxeHepHbI aHaIu3 METOJOM KOHEUHBIX 3JIEMEHTOB 64-256 OaiiT
ANSYS CFX, | BoruncnurensHas a3po-, TUAPO- U ra30Bas AMHAMHUKa < 64 Koaiit
FLUENT
FLOW-3D BrruucnurensHas a’po-, THAPO- U ra3oBasi AMHAMUKA 4-16 Oaiit, 1-4 MoOaiiT
HPCC FFT Brictpoe mpeobpazosanne Oypre (1D)
HPCG Pemenue cucreM TUHEWHBIX ypaBHEHHH C paspexeHHon | < 2 KOaiit

MaTpuLen
LAMMPS MonekynsipHas JUHAMUKa < 256 Koaiit
LS-DYNA AHaJHN3 IPOIECCOB B 3a7adaX MEXaHUKH TBEPAOTo ¥ Kud- | < 4 Koaiit

KOTO Tena
VASP KBaHTOBO-MeXaHNUECKOE MOJEIUPOBaHHE < 256 Koaiit
WRF MonenupoBaHus KIMMAaTUYECKUX U MTOTOIHBIX SBJIECHUN < 16 Kbaiit

CymiecTByeT /1Beé OCHOBHBIE CBOOOIHO pacnpocTpaHseMble peanuzanuu crangapra MPI, Open
MPI u MPICH, Ha 6a3e KOTOpbIX cO3/1aHbl Bce H3BeCTHbIE OnbaroTekn MPI, Bkitouas kommepueckue
MakeThl BeAyluX npoussBoaureneit BC:

e Open MPI: Mellanox HPCX, IBM Spectrum MPI, Fujitsu Post-K MPI, Bull MPI;

e MPICH: MVAPICH, Intel MPI, Tianhe2 TH-MPI, Cray MPI, IBM PE MPI.

Jlnst kaxI0¥ KOIJIeKTUBHOM orepanuu B 6ubnuoreke MPI mpucyTcTByeT HECKOIBKO alTOPUTMOB
ee peanu3alyy, o0JalaloNMX pazHOU 3(P(PEeKTUBHOCTHIO: apXUTEKTYPHO-OPUEHTHPOBAHHBIE AJIT0-
put™bl  (topology-aware collectives) W yHUBepcajJbHbIE AaJTOPUTMBI Ha OCHOBE OIEpaIHid
MPI_Send/MPI_Recv. ApXUTEKTypHO-OPUEHTUPOBAHHBIE AJITOPUTMbI UMEIOT BBICOKYIO 3(pdeKTus-
HOCTb 3a CYET Y3KOH cheunuanu3aiuuu JUlsi (UKCHPOBAaHHOM KOMMYHMKALIMOHHOW TEXHOJIOTMU
(Mellanox InfiniBand CORE-Direct) niaun kommynukarmonsoii cetu BC (IBM BlueGene/Q, Cray
Aries CE, Fujitsu Tofu). YHuBepcanbHble aaropuT™Mbl KOJUIEKTUBHBIX OINEpalldii OCHOBAaHBI HA UC-
IIOJIB30BAHUM TOJIBKO onepannii MPI_Send u MPI_Recv, KOTOpBIE PEaIU3yOTCSI HUXKEIIEKALIUM CJIO-
em 6ubnuorekn MPI. Takue anropuT™Mbl yUYUTBIBaIOT TOJIBKO 0OIIEE YHUCIIO MPOLIECCOB B MPOrpaMMe
U MapaMeTpbl KOJUIEKTUBHOW onepanuu (pa3Mep COOOLIEHMs, TUIl JaHHBIX, HOMEP KOPHEBOIO Ipo-
necca u ap.). [locinennee oGecneunBaeT UX MUPOKYIO MEPEHOCUMOCTb MEXIY PAa3TUUYHBIMU apXH-
TtekTypamu BC u coxpaHeHHe IpUeEMIIEMOTO JUIsl IPAKTUKKU YPOBHS IPOU3BOAUTEIBLHOCTH.

ITpu BbI30BE KOJIEKTUBHOU onepauuu 6udnuorexka MPI nunamuuecku onpenenser aias 3aaaH-
Horo MPI-kommyHuKaTopa (4Kcia NpoueccoB) U apamMeTpoB onepanuu (pazmepa cooOIIeHus, TUIa
JAaHHBIX, HOMEpa KOPHEBOTO MpOoLecca), KaKoi U3 JOCTYMHBIX aJrOPUTMOB IIUPOKOBELIATEIbHOMN Tie-
penaun ucnosb3oBaThk. B Tekymux peanuzanusx MPICH, MVAPICH, Open MPI ucnons3ytorcs iu-
60 ¢uKCHpOBaHHbIE MPaBHiIa BHIOOPA AIrOpUTMa Ha OCHOBE pa3zMepa cooOIeH s, 1100 BEIOpaHHBIN
I10JIb30BATEJIEM AJIITOPUTM. 3HAYUTEIbHAS YacTh AITOPUTMOB onepaiuu MPI_Bcast umeeT HacTpau-
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BaeMbl€ MapaMeTphl, BIUSIONINE HAa 00Iee BpeMs BBITIOJIHEHHUS OTlepaliu.

Ilenb naHHO#M paOOTHI — BBHINOJIHUTH TEOPETUUYECKUN U SKCIIEPUMEHTAJIbHBIA aHAJIU3 BpPEMEHU
BBITIOJIHEHNSA APEBOBUIHBIX aJITOPUTMOB onepanuu MPI_Bcast u olpeneauTs onTUMailbHbIE 3HAYE-
HUs HACTPaUBaE€MBbIX IIapaMETPOB AJITOPUTMOB — CTEIIEHU JAEPEBLEB U pa3Mepbl CETMEHTOB B KOHBEM-
€pU3HPOBAHHBIX BEPCHUSIX aITOPUTMOB. B oTinume oT paHee BHIIOTHEHHBIX padoT [4, 5, 8, 9], B naH-
HOU paboTe aHaJIN3 BPEMEHU BBITIOJHEHUS aJITOPUTMOB HE OTPAHUYUBAETCS IOCTPOCHUEM ACUMIITO-
TUYECKUX OIICHOK, YJCJICHO BHUMAaHUE U KOHCTAHTaM IIPH TapaMeTpax « M (3 UCHOIb3yeMON MOJIEITH
XokHu. TeopeTnueckne OLEHKU MOAKPEIJIEHBI pe3yJbTaTaMU SKCIIEPUMEHTOB Ha BBIUYUCIUTEIBHOU
cUCTeMe ¢ ceThlo cBs3M ctanaapra Gigabit Ethernet. Anroputmel onepanuu MPI_Bcast uccrnenosa-
HBI C YYeTOM JeTaneit ux peanuzanuu B oubnanorexku Open MPI 4.0.0, B pa3paboTke KOTOpOii aBTOp
MPUHUMAJ yYaCTHE.

Opranu3zaius paOdOThL: B CICAYIONMEM pasJelie aeTCs OMMCaHue MOAETH XOKHH, B pPaMKax KO-
TOPOW OCYILIECTBISETCS aHAJIM3 BPEMEHHBIX XapaKTEPUTHK AJITOPUTMOB KOJUIEKTUBHBIX OIEpaIIHil.
Jlanee mpuBOIUTCS ONMUCAHUE U aHAJIU3 OCHOBHBIX aJTOPUTMOB — OT MPOCTEUIINX K Hambosee (-
¢dexTuBHBIM. B mocnenHux pasnenax JaroTcsl peKOMEHIAINH 110 UCTIOJIh30BAHUIO AITOPUTMOB.

2. Moaeanb X0KHH

Mopnens Xokau (R. Hockney) — oqHa 13 mpocTelinmux THHEWHBIX MOJIETCH, ONMMCHIBAIOIIAS BbI-
YUCIIUTENBHYIO CHCTEMY ABYMs Tapamerpamu « u 3. Bpems t(m) mepenaun cooOIIeHUs pa3MepoM
m OalT MEeXIy ABYMs MPOIIECCAMU BBIPAKACTCS KaK

t(m) = a +mp,

rIe o — 3aJiepXKKa Mpu nepeaade coodmeHus (JIaTeHTHOCTb, latency, startup time), 3 — Bpems, Tpe-
Oyemoe I iepefayu ogHoro Oaiita cooOmienus. Taxke qaHHAs MOJENb U3BECTHA O] HA3BaHUEM
«latency-bandwidth model». Ilapamerp « BkItO4aeT B ceOs Kak JIATEHTHOCTh KaHaja CBSI3H, TaK U
HaKJIaJIHbIE PacXo/Ibl Mpolieccopa Ha epeaady/prueM cooOIieHus (HanpuMep, ymakoBKa COOOIICHUS
B CTPYKTYpbI JaHHBIX mpotokona MPI, uHunmanusanus kanana cBs3u). Bemuumna 1/ orpaxaer
MPOIMYCKHYI0 CIIOCOOHOCTh KaHama cBs3u (bandwidth). Kak mpaBuiio, 3a ee 3HaueHUE MPUHUMAECT-
Csl BEpXHSISl TPaHUIIA TIPOITYCKHON CITIOCOOHOCTH JIJIsi KOHKPETHON KOMMYHUKAIIMOHHON TE€XHOJIOTHU
(marmpumep, Gigabit Ethernet, InfiniBand FDR).

Ha puc. 1 nmokazana wmoctparus moaenu XokHu. IIpomecc 0 Tpu pasza mepemaer cooOiieHn
pazmepom m Oaift mpoueccy 1. Ilpomecc 1 momyuyaeT mepBblii OalT MepBOro COOOIIEHUS Yepe3 o
€IMHHII BpEMEHHU M IPUHUMAET Bce coodmeHus 3a Bpems m3. [Iporecc 0 He MOXeT Ha4aTh nepesa-
9y 04epeHOro COOOLICHHS 10 TeX MOop, MoKa nporuece 1 He momyunn npeasiayniee. [loatomy Bropoe
coobmienune nporecc 0 HaYMHAET TepeaBaTh B MOMEHT BpeMeHHu « + m/3, a mporecc | momydaer
ero B MoMeHT BpeMmenn 2(a + m/3). Oba mporecca 3aKaHIMBArOT 0OMEHbI 3a BpeMmst 3(« + mf3).

ot L =3t )

1 N =

t

Puc. 1. Monens Xokuu: mporecc 0 oCIIeI0BaTEIBHO TIEPEIAcT TPU COOOIICHHS pa3MepoM m OailT
npoueccy 1

Mopens MakcuMasbHO abcTparupyercs ot apxuTekTypsl BC u geraneit peanusanuu HHCTPYMEH-
Tapus NMapajuieIbHOTO MPOrpaMMHUPOBAaHUS (MTHOPUPYETCS MHOTOIIOTOYHOCTb, IPUCYTCTBUE HEOIO0-
KMPYIOIIUX KOMMYHUKAIMOHHBIX onepauuil). [Ipennonaraercs, 4To JaT€HTHOCTh (v U IPOILYyCKHAs
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crocoOHOCTh 1/3 He 3aBHCAT OT pa3mepa m mepeaaBacMoro cooodrneHus. CuuTaeTcs, 4YTo0 KaHa-
Jbl CBSI3U JIOIyCKAaOT ABYCTOPOHHUI oOMeH naHHbIMU (bidirectional channels). KommyHukannon-
Has CETh SIBISICTCS HAJAC)KHOW W MMEET TOJIHOCBSI3HYIO Jorndeckyto tonojoruto (fully connected).
Kaxzplii poliecc MOXKET BBINOJIHATh HAaI€XKHbIE BYCTOPOHHHE 0OMeHb! onepanusmu MPI_Send u
MPI_Recv ¢ 100bIM ApyruM mporeccoM. CHCTEMHOE yCTPOHCTBO 31€MEHTApHON MAIIMHBI SBJSETCS
oHOMOPTOBEIM (single-ported) — kaxmas snemenTapHas mamuHa BC (mpoueccop) moakioueHa K
CETH Yepe3 OIMH KOMMYHUKAIlMOHHBIN KaHai. Bpems nepenaun nndopmanuu Mexay 1000 napoi
3JIEMEHTAPHBIX MAlINH OJMHAKOBO.

3. J/IMHeHbIA aJropuT™M

B aunetinom aneopumme (linear broadcast, flat tree) kopHEBO# MpoIIECC ¢ HOMEPOM 700t TIOCIIEA0-
BaTeNbHO Nepeaet cooduienue mporeccam 0, 1, ..., p—1. Ha puc. 2 nokazaH rnceBaoko] aroputma,
KOTOPBIH BBITIOIHSIOT BCE MPOIECCHl MPOTrpaMMbl. AJITOPUTM MUMEET HU3KYH MacIITaOupyeMoCTh —
BpeMs €r0 BBIMOJHEHUS JIMHEWMHO 3aBUCUT OT Yucia p npoueccoB. M3 BpemeHHoil nuarpamMmsl puc. 3
BHJIHO, YTO HAaUOOJIBIIINM BPEMEHEM BBHITIOTHEHUS XapaKTepU3yeTCsi KOPHEBOM mporiecc (ipu 1r00om
BbIOOpE 3HAYCHHUS 1700t ), OTCIOAA BpeMsi paOOTHI JIMHEHHOTO ajlropuTMa

t=p—1)(a+ms)=0(p).

procedure BcastLinear (buf, count, root)

if rank = root then
for i = 0 to p- 1 do
if i !'= root then
Send (buf, count, i)

t=@-1(a+mp)

end if a+mpB 2(a+mp)
root =0 ! ‘ ; ‘ ‘ t=a+mpf
end for : : : :
else 1\\\\\\\\\\> ?\ > t=2(a+mp)
Recv (buf, count, root) 2! ; : : \Q
end if p—li ‘ v ‘

end procedure

Puc. 3. BpemenHas nuarpamMma BbITTOJIHEHHS
Puc. 2. IlceBnokon nuHeiHoro anroputMa Beast JTUHEWHOTO aJlrOpUTMa

B nuHelHOM anroputMe HaMMEHBIIUM BPEMEHEM i, BBIIOIHEHUS XapaKTEPU3YETCS MPOLIECC
0 wim 1 (B 3aBUCHUMOCTH OT BBIOOpA KOPHEBOTO MPOIIECCa):

binin = @ +mﬁ

Pa3HOCTh MeXIy BpEMEHEM BBINMOIHEHHs caMoro memieHHoro nporecca (p — 1)(a + mf) u
caMoro OBICTPOTO « + M3 TUHEWHO 3aBUCHT OT YKCJIa MPOIECCOB, YTO CBUACTEILCTBYET O 3HAYH-
TENIbHOW pa30aJaHCUPOBAHHOCTH BpeMEeHH palboThI mporeccoB. [locnenHee HEraTHBHO CKa3bIBACTCS
Ha o0IeM OalaHce BPEMEHH BBINIOJHEHUS BETBEH MapayliebHON MporpamMMbl. Takue airopuTMbl
HE PEKOMEHYeTCsl HCIOJIb30BaTh B HTEPAIIMOHHBIX BBIYHCIUTEIBHBIX METOAX, X HCIOIb30BAHUE
OTPAaHUYEHO CITy4YasiMH, KOTZia Ipyrue alropuT™Mbl HEOCTYIHBI 110 pa3HbIM IpUYMHAM (HAIIpUMep, He
JIOTTYCKAIOT PeaIM3aIuio IJIsl 33JaHHOTO pa3Mepa COOOIEHUs WM YKCa MPOLIECCOB). 3HAUUTETBHO
JydlIUMHA JUHAMUYCCKUMU XapaKTCPUCTUKAMH o6na)1aeT KJ1aCC aJiropuTMOB HII/IpOKOBeIHaTeHBHOﬁ
niepeiaui, OCHOBAaHHBIX Ha JIOTHYECKOM BBICTPAMBAHUU IMPOIECCOB B JIEPEBbS PA3JIUYHBIX BHJIIOB U
napaJulielbHOU nepeaade cooOIIeHnd B OAICPEBhAX. BBIMOIHUM aHaINM3 3THX aJrOPUTMOB U OMpe-
ACIIUM UX ONTHUMAJIbHBIC MMapaMETPbl B MOACIIN XOKHH.
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4. AropuT™m k-apHOro aepeBa

B paccmarpuBaeMoM anroputMme mpoiecchl IporpaMMbl JIOTHYECKH BBICTPAUBAIOTCA B k-apHoe
Oepeso (k-ary tree). Kaxmplii mporiecc, 3Hast CBOWM HOMEp rank W oOlee 4uciio p MPOIEecCoB, OIpe-
JIeNIsieT HOMEp CBOETO POAUTENs U HoMepa He Oonee k nodepHUX mpoueccoB. OCHOBHAs UJes alro-
pUTMa — peajan30BaTh NapajuieibHYIO Nepeaady cOoOOIIEeHUs (ET0 PETPAHCIIALNIO) Yepe3 MIPOMEKY-
TOYHBIE Y3JIbl OJIEPEBLEB. Bee mpoiiecchl, 3a UCKIIOUEHUEM KOPHEBOTO, Ha MIEPBOM Il1are BHIIOIHS-
10T IIPUEM COOOIIEHHUSI OT POAUTEIBCKOTO MpOIecca, MOCe 3TOTO BHIMOIHSIIOT MMOCIEI0BATEIbHYIO
nepenayy cooOIeHUsT JOYEpHUM IpolleccaM, HauuHas c jeBoro. Hampumep, B OMHapHOM JepeBe
(puc. 4.a) KOpHEBOI MpolLecC Ha MEPBOM LIare rnepegaeT cooOIIeHHE JIEBOMY JOUEpHEMY IPOLecCy,
a Ha BTOPOM Illare — npaBoMy (HOMep m1ara OTMe4eH Haja peOpom). OMHOBPEMEHHO HAa BTOPOM Ilare
JI€BBIA TOYEPHUH MPOLIECC KOPHS MEPENacT MPUHATOE COOOIIEHUE CBOEMY JIEBOMY JOUEPHEMY Y3ITy.
Ha puc. 4.6 u puc. 4.6 npuBeIeHBI PUMEPHI TEPHAPHOTO U K -apHOTO JIEPEBHEB, a TAK)KE TTOKA3aHbI
MapaMeTpsl JEPEBbEB M OLIEHKU CBEPXY BPEMEHU ¢ BBIMOJIHEHUS aJTOPUTMOB.

(6) (6)

Puc. 4. CTpyKTypa COBEPILIEHHBIX k-apHBIX JEPEBHEB IIUPOKOBEINATENLHOM MEPEIAUHM:
a — GunapHoe jepeBo (binary tree, k = 2,p = 7,h = 2): t = 2[logy p|(a + mpP);
6 — TepHapHOE JepeBo (ternary tree, k = 3,p = 13, h = 2): t = 3|logz p|(a + mf);
6 — k-apHoe nepeso (k-ary tree): t = k|log, p|(a + mp)

3aMeTuM, YTO MOMCK MPOIECCOM CBOETO MOJOKEHHUS B JE€PEBE B XyIIIEM ciiyyae TpeOyeT mo-
psaka O(logp) apudmMeTuro-Iornueckux omepanuii. Kak mpaBuio, mogoOHbIe BBIYUCICHHS Mapa-
METpPOB JIEPEBHEB BBIMOJHSAIOTCS TOJNBKO Ha 3Tarne co3aanus MPI-KoMMyHUKAaTOpPOB M COXPAHSIOTCS
B MMaMATH KaXKIO0TO IpoIecca.

OneHrM BpeMsl BBITIOJHCHHS QJITOPUTMA B MOJENH XOKHHU. JIJIg 3aaHHOTO YHclia p TpoIec-
COB k-apHOE€ JIepeBO MOXET ObITh MOCTPOCHO PA3IUYHBIMH CIIOCOOAMU: UMETh BUJ| 3aBEPIICHHOIO
k-apHoro aepeBa (complete k-ary tree) mubo k-apHOro nepeBa, COATAHCHPOBAHHOTO TI0 YUCITY MPO-
1eccoB B mojiepeBbsax. Ilocnennsst opma nepeBa Hapsay ¢ APYTHMMHU HCIONB3YeTCs B OHMOIHOTEKe
Open MPI (coll/base) mis peanusanuu oneparuii MPI_Bcast u MPI_Reduce. Yka3aHHbIC Jiepe-
BbsI OTVIMYAFOTCSI CXEMOM 3aIOTHCHUS JTUCTHSIMH TIOCIICHETO YPOBHs. B 3aBepIieHHOM JiepeBe Y3IIbI
n00aBIISIOTCS ClIeBa HAIIpaBO, BCE BHYTPEHHUE BEPIIMHBI UMEIOT cTeneHb b (puc. 5.a). B cbanan-
CHUPOBAaHHOM IO YHUCIIy Y3JIOB JEpEeBE BEPLIMHBI JOOABISIOTCS ClieBa HANpaBO, HO K POAMUTENSAM M3
pasHbIX mojaaepeBbeB. Hanpumep, Ha puc. 5.6 TUCTOBBIE Y3JIbI PABHOMEPHO paclpeaeeHbl 1Mo MoI-
JIEPEBbSM C KOpPHSAMH B y3nax 1, 2 u 3.

Ecnu nepeBo u3 p mpolieccoB MMEET BHUJI COBEPIIIEHHOTO k-apHOTO AepeBa (perfect k-ary tree),
B KOTOPOM BCE BHYTPEHHHE y3JIbI UMCIOT CTEIICHb K, a JIUCThSI HAXOIATCS Ha OJHOM ypOBHE h, TO
BpEMSI t,,,, BBIIOJIHEHHUS aITOPUTMa OINpEAeseTcs] BpeMeHeM paboThl caMOro MpaBoro JUCTOBOTO
nporecca (puc. 4.6):

tmaz = kh(a +mf) = k|(log,(p(k — 1) +1) = 1) [(a + mp).
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Puc. 5. TepuapHoe nepeBo mupokoBelaTenbHol nepenauu (p = 11, root = 0):
a — 3aBepIIEHHOE TePHAPHOE JIEPEBO;
6 — TepHapHOE JIepeBo, cOATAHCUPOBAHHOE 110 YHCITY Y3JIOB B TIOAJIEPEBHIX

Haunmensimm BPCMCHCM BBLIIIOJTHCHUA XapaKTCPU3YCTCA CaMbIi JIE€BBIM JINCT
tmin = h(o +mp3) = [(log,(p(k — 1) + 1) = 1)](a + mf3).

Ecan MpoueCCOB HC XBATACT IJIA (bOpMI/IpOBaHI/IH COBCPUHICHHOI'0 BHAa ACPCBA, TO BPEM: tomax
BBIITOJIHCHUA MOKCET BaApbUPOBATHCA B CIICAYIOLIEM HUHTCPBAJIC:

k(h — 1) (o + mp) < tpas < kh(o+mp).

Hanpumep, Ha puc. 4 1 GopMHpOBaHMs COBEPIICHHOTO JIepeBa HE XBAaTAeT JIBYX MPOIIECCOB,
371ech HauOoublllee BpeMs BBINOJHEHUs uMeeT npouecc 9. Jlanee, He Tepss oOImHOCTH, OyeM Io-
JaraThb, 4TO MPOLECCH 00Pa3yloT COBEPILIEHHOE AEPEBO. YKAa3aHHOE JOIYIICHUE HE BIUSET Ha Jajlb-
HEHIINEe pacCyXACHUS, TaK KaK IpPU aHAJIU3€ BPEMEHU BBIIIOJHEHUS aJrOpUTMa HAC MHTEPECYIOT
OLIEHKH CBEpPXY BPEMEHHU BHINOJIHEHU. Torna

t = k|logy p|(a +mp3) = O(log p).

Ha npakTuke npu peanu3aniy aJropuTMoB U pazpadotke 6ubmunorexk MPI BcTaet Bonpoc o0 BbI-
0ope ONTUMAJIFHOTO 3HAYCHHS CTEIICHU K JepeBa JUId 3aJaHHOTO Yuciia p mporeccoB. Takoe pere-
HUE IPUHHUMAETCs AMHaAMUYecKu rpu popmupoBanruu MPI-kommyHukaropos. B 6ubnuorexax Open
MPI u MVAPICH no ymon4aHuio UCHONB3yeTCsl 3HaYeHUe &k = 4 s J1r000ro 4ucia mpoIecCcoB.
OmnpenenuM onTUMalbHOE B MOAETM XOKHM 3Ha4eHUE k. 3amMileM OLEHKY CBEPXy BPEMEHH BbI-
MOJTHEHUS aIropuT™Ma Kak (yHKIHIO OT MapaMeTpa k U HalJieM ero 3HaueHue, pH KOTOPOM BpeMs
BBITOJIHEHHS aJITOPUTMA MUHUMAJIBHO:

ot(k)  Ink—1
= =0 k=e~ 2.7183.
ok In? k ’ ‘

Taxum 00pa3om, HAUMEHBIINM B MOJIETH XOKHH Cpelln k-apHBIX Ie€PEBHEB BPEMEHEM BBITIOTHE-
HUs obnanaeT TepHapHoe aepeBo (£ = 3). [lonmydeHHas OIleHKa XOPOILO COINIacyeTcs ¢ MPaKTUKOM —
MUHHMaJIbHOE BPeMs BHITIOJTHEHUS JOCTUTAETCs Ha k-apHBIX JepeBbsax HeOonbmmx crenenei. C yBe-
JMYEHUEM 3HaueHHsl k HaOmrogaeTcst pocT BPEMEHM BBINONIHEHUs anroputMa. Ha puc. 5 nmokazaHsl
pe3yabTaThl U3MEPEHHs] BPEMEHU BBITIOJHEHHS aJlTOPUTMa k-apHOTO JiepeBa IIHPOKOBEIaTeIbHOM
PaCCBUIKH 7Sl pa3IMYHbIX 3HAYeHU k. MI3MepeHus BBIMOIHEHBI s peain3aliy aaropurma B 6uo-
muoteke Open MPI 4.0.0 o6menpunsteiM TectoM Intel MPI Benchmarks (mpuBeneHo cpeanee BpeMs
BEITIOJTHEHHS 110 He MeHee 40 3amyckaM s Kaxkaoro k) ast 128 mporeccoB: 16 ABYXIPOIIECCOPHBIX
y3710B (2 x Intel Xeon Quad), cets cBsa3u — Gigabit Ethernet.

B otnnume ot nuHEHHOTO, paccMaTpUBaEMBbIil aJITOPUTM XOPOIIIO MACIITaA0OUPYETCsS — BPEMsI €ro
paboThl JorapuMUUECKH 3aBUCUT OT YMCIa MPOLEccoB. B TO ke Bpems aaropuTM HMeeT Cylie-
CTBEHHBIH HEJOCTATOK — (PUKCHPOBAHHAS CTETICHb k KOPHS U BHYTPEHHUX Y3JIOB SBISIETCS MPUYU-
HOM X HEJOCTAaTOYHOH 3arpy’KEHHOCTH oNepalusiMu nepeaadu. Tak, B TepHapHOM Jiepese (puc. 4.0)

t(k) = klog, p(a+mp3),
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Puc. 6. 3aBuCHUMOCTL BpEMEHH BBHITIOIHCHUS aJITOPUTMA OT CTETICHU K epeBa
(p =128, 1 — pasmep coobmmenus 1 Mb; 2 — pasmep coobmienus 2 MB):
a — anroput™M k-apHOTO JIEpeBa;
6 — anropuT™ k-HOMHAJIBHOTO JepeBa

MOCJI€ BBIMOJTHEHHS TPEX OIepaluii KOpeHb 3aBepIIaeT CBOK PaboTy, XOTS B TO BpeMs B Jepe-
BE NPUCYTCTBYIOT Y3JIbl, OKHMJAIOLINE COOOIIECHUs. YKa3aHHOTO HEIOCTaTKa JIMILIEH alroput™M k-
HOMHUAJIBHOTO JepeBa.

5. AaroputMm k-HOMHAJILHOTIO JepeBa

B anroputme k-HOMHATBHOTO JIepeBa MPOIECCHI JIOTHYECKH BBICTPAUBAIOTCS B IEPEBO OOMEHOB,
MIPEICTABIIAIONIEE COBOKYITHOCTh k-HOMHUAIBHBIX JepeBbeB (k-nomial tree). [Ipu & = 2 nepeso Ha-
3bIBaeTCs OunomuanrvHuim (binomial tree), a mpu k = 3 — mpunomuanvueim (trinomial tree). Ha
puc. 7 mOKa3aHbl IpUMEPbl OMHOMMAIBHOTO, 3-HOMHAIBLHOTO U 4-HOMHAJILHOTO JI€PEBbEB IS IIU-
POKOBENIATEIbHON TIepeiauu coo0IeH s U3 KopHeBoro mporecca 0. Kaxpiii npomecc, 3a HCKITIOUe-
HUEM KOPHEBOTO, BBITTOJHSET JIBA IIIara — MpUeM COOOIEHHsI OT POIUTENS U €T0 Nepeiady JOUePHUM
mporieccaM, HauWHasi ¢ camoro JjeBoro. Homepa mpomeccoB TPaKTYHOTCs KakK YMCIIa, 3allMCaHHbBIC B
CHCTEME CUMCIICHUS ¢ OCHOBaHHeM k. Homep pomuTenbcKoro mporecca BEIYUCIseTCs myTeM copoca
B HOMEpE TEKYIIETO MpoLecca CaMoro MIaIIero paspsia ¢ NoJoKUTeIbHBIM BecoM (least significant
digit, LSD). Hanpumep, B OMHOMHAIBHOM AepeBe HOMEp poauTtess it npouecca 12 = 1100, pa-
BeH 8 = 1000, KoTopbIil moMyuyeH myTeM cOpoca B uncie 12 Tperbero 6ura (MIaAlero 3Ha4yaniero
paspsina). KomrdecTBo ouepHux y3ioB jqoboro nporecca ve npesbimaer (k — 1)[log, p|. Takum
00pa3oMm, B OTJIIMYHE OT k -apHBIX JEPEBLEB, B k-HOMUAJIBHBIX CTEIICHb KOPHS (BHYTPEHHETO y371a) He
(ukcupoBaHa, a JOrapupMUUECKH 3aBUCUT OT YMCIIa BEpIIMH B ero noaepene. [locnennee no3posns-
eT k-HOMHUAJIBHBIM JIepeBbsM 3 (PEKTHBHEE 3arpy3UTh KOPEHb U BHYTPEHHHE MPOLIECCHI Mepeaaden
coobmenunii. U3 mpumMepa Ha puc. 7 BUIHO, YTO HAUMEHBIINM BPEMEHEM BBITIONTHEHUS XapaKTepu3y-
eTcst OMHOMHAIBHOE JIePEBO, KOTOpOMY TpeOyeTcs 4 miara Jjisl 3aBepIICHUS OTIepaIli.

B o6rem ciydae Bpemst ¢(k) BBIMOJHEHHS aTOPUTMa OIPEIETISIETCS BpeMeHeM paboThl KOpHe-
BOTO IPOIecca — BPEMEHEM 3aBEpIICHUS MIepeadl COOOIIECHHSI CAMOMY TPABOMY JTIOYCPHEMY Y31y

t(k) = (k — 1)[log, p] (e + mp).

MoHoToHHOE Bo3pactanue GyHKIHHU t(k) MO3BOJISET CenaTh BBIBOI 00 ONTHMAIbHOCTH OHHO-
MHUAJIbHBIX IEPEBHEB B MOZAETU XOKHU. Pe3ynbTaTsl 3KCIIEpUMEHTOB Ha BBIYMCIUTENBHBIX KJIacTepax
HOATBEPKAAI0T ONTUMAJILHBINA XapakTep OMHOMUANBHBIX JepeBbeB. Ha puc. 6.6 mokazaHo MOHOTOH-
HOE€ BO3pacTaHHe BPEMEHM BBITIOIHEHUS aJITOPUTMa Kk -HOMHAJIBHOTO J€pPeBa C YBEIMYEHUEM CTeIe-
HU JIepeBa Ha BBIYHCIUTEIBHOM KilacTepe ¢ ceThlo cBsi3u Gigabit Ethernet.
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Puc. 7. Ctpykrypa k-HOMHAIBHBIX ACPEBHEB IMMPOKOBEIIATEIHHON TIEpeIadn:
a — buHomHuasbHOe aepeBo (binomial tree, k = 2,p = 13, h = 3);
6 — TpuHOMHUAJIBHOE JepeBo (trinomial tree, k = 3,p = 13, h = 2);
6 — 4-HoMHaIbHOE AepeBo (4-nomial tree, k = 4,p = 13, h = 2)

HecmoTpst Ha yka3aHHbIE JOCTOMHCTBA, JAHHBIA aJTOPUTM HE YUUTHIBAET BOZMOXXHOCTH OJIHO-
BPEMEHHOTO TIpUeMa U Mepeaadn COOOMIeHNH OHUM MPOLECCOM MO TYIUIEKCHBIM KaHallaM CBSI3H,
KOTOpbIE XapaKTepHBI AJIsl MMOAABISIONIEr0 OONBIIMHCTBA KOMMYHHKallMOHHBIX ceTeil BC (Gigabit
Ethernet, InfiniBand). Bo3aMoxxHBIM perieHueM siBisieTcsl pa3padoTKa alropuTMa, B KOTOPOM HCXO/I-
HOe cOoO0IIeHre pa30MBaeTCs Ha CETMEHTHI U MepelaeTcs Mo KOHBeHepy, Tak, 4ToObl MPOMEKyTOU-
HBIE TPOIIECCHl OTHOBPEMEHHO MEPEeAaBaIl TEKYIHH CErMEHT U IPUHUMAIH clenyromuii. Paccmot-
pPUM ATOT TMOAXOJ HAa MPHMEPE aHajh3a W ONTHMHU3AIMH KOHBEHEPHOTro airoputMa Juis OONbIINX
COOOIIEHUH.

6. KonBeiiepHbIil aJropuT™M

B xonsetiepnom ancopumme (linear pipeline) ucxomnoe cooOmieHue AIUHON m OalT pa3OnBa-
ercst HA [m/s| CerMeHTOB Mo s OAiiT, KOTOPBIE 0 IEMOYKe MEePENatoTCsl OT MPOIecca K MPOIECCy.
[TpomexxyTOYHBIE MPOLIECCHI MOCIE MOMyUYeHUsI OYePETHOTO CerMEHTa 1m,; HAYMHAIOT HUCIOIB30BaTh
JNYIUIEKCHBIN PEKUM IEepeNadu — NepelaBaTb TEKYIIU CETMEHT 7; U OAHOBPEMEHHO C OTHUM IIpU-
HUMaTh CIEAYIOIUN CETMEHT m;41. Ha puc. 8 npuBeneHa nuarpaMma BBIIIOJHEHHUS] KOHBEHEPHOTO
QJITOPUTMA JUISI YE€THIPEX MPOLECCOB U COOOIIEHHs, pa30UTOr0 Ha TPU CETMEHTA My, My U M. IIpo-
MEXYTOUHBIE TIpoliecchl | W 2 KOHBelepa Mocie MOMYyYeHHs CETMEHTa 1y Cpa3y HauuHAKT €ro
nepeIaBarh CIeIyIeMy TPOIecCy U OMHOBPEMEHHO C ATUM MPUHUMATh CETMEHT 1M .

a+mp 5(a+myp)
0 <~ : :
My mMp ) M i 1
1 \\r\\:\ —
2 A N N N
1 1 My My, Mz
: ! LN N

Puc. 8. lnarpamMmMa BBIIOJIHEHNSI KOHBEHEPHOTO anropurMa (p = 4, TpH cerMeHTa)

HauGosp1umM BpeMeHeM BBIIOJIHEHHST XapaKTepU3yeTcsl npouece p — 1, KOTOpbIH MOCISAHUM
TOJTyYaeT 3aKIFOYHTENbHBIN CerMeHT coobmieHns. [IepBbIii CerMEHT OH MOJTy4aeT B MOMEHT BPEMEHH
(p —1)(a+ sf), Bropoii B p(c + sf3), Tpetuii B (p + 1)(a + s3) u T.A. 3aKIIOUUTENBHBIA CETMEHT
pouecc p— 1 MoayduT B MOMEHT BPEMEHHU (p -2+ [%W) (av+s/3) . Takum 06pa3om, Bpemst paboThI
KOHBEHWEPHOTO alropuT™Ma

ts) = (p—2+ [g) (o + 58).
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OnpenenM ONTUMAIIBHBIA Pa3Mep S, CETMEHTA, IIPH KOTOPOM aJITOPUTM XapaKTEpU3yeTCsl MU-
HUMAJIBHBIM B MOZIEJIN XOKHU BPEMEHEM BBIIIOJIHEHMS:

ot(s) mo B B B mao
- = s +<p 2)5_07 Sopt = (p_2)6

Ha puc. 9.a nokazana 3aBUCMMOCTh BPEMEHH BBIITOJHEHUSI KOHBEHEPHOTO aJrOPUTMa B MOJIEIH
XoHH OT pasmepa cermenta (mapameTpsl o = 5-107° ¢, 3 = 4.7 - 10~® ¢ nomydens! Tectom Intel
MPI Benchmarks mst cetn cBsizu Gigabit Ethernet). KpacHbiMu TOukaMu TOKa3aHbI ONTUMAaJIbHBIE
pa3Mephl S,,: CerMeHTOB. IlomyueHHas TeopeTndecKkas OLEHKA S,y JAET XOpOoIlee NMPUONMKEHUE K
pa3Mmepy cermMeHta, Y3pQGEKTUBHOTO ISl peaTbHbIX KOMMYHHKAIIMOHHBIX ceTeil. Ee mcnonb3oBaHme
MTO3BOJISIET COKPATUTH TPAHUIIBI TTOMCKA YPPEKTUBHOTO pa3Mepa CErMEHTa NIl KOHKPETHOW KOMMY-
HukanroHHo# texHonoruu (Gigabit Ethernet, InfiniBand). Ha puc. 9.6 noka3anbl skcriepuMeHTab-
HBIE PE3yJIbTaThl — BPEeMsl BBIMOJIHEHHUS alTOPUTMa Ha BBIYUCIUTENBHOM KIIACTEpPE C CEThIO CBS3H
Gigabit Ethernet u ycranoBieHHbIe TpaHHIIBI (Cy0)ONTUMANTBHBIX pa3MepoB cerMeHToB [1536, 3072]
(BBIIETIEHBI I[BETOM).
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Puc. 9. 3aBucUMOCTh BPEMEHH BBITIOJHCHHS KOHBEUEPHOTO arOPUTMa OT pa3Mepa S CerMEeHTa
(128 mporieccos):
a —monemn Xokau (« =5-107% ¢, =4.7-108¢): 1 —m = 1 Mb; 2 — m = 2 MB;

3—m =3 MB;
6 — skcniepumeHT Ha kinactepe (Open MPI 4.0.0, Tect Intel MPI Benchmarks, cets Gigabit Ethernet):
m = 1Mb

Ha puc. 10 noka3ana 3aBUCUMOCTb B MOJIeNI XOKHH BPEMEHH BBIMOJIHEHHS aITOpUTMa OMHOMH-
QJIBHOTO JIepeBa U KOHBEHEPHOIO AJIFOPUTMA C ONITUMAIIBHBIM Pa3MepoM cerMeHTa. [ cooOumenuit
HeOONbIINX pa3MepoB 3()(PEKTUBHBIMU SABISIOTCS AJITOPUTMBI OMHAPHOTO U OMHOMHUAJIBHOTO JIepe-
BbeB. [l cOOOIIEHUH 3HAYUTENIBHBIX Pa3MEPOB MPEINOUYTUTENILHBIM ABIISIETCS KOHBEHEPHBIH aro-
put™M. O4eBUIHO, YTO I COOOIIEHUN CPeTHUX Pa3MEPOB PasyMHO MPUMEHUTh KOMOMHUPOBaHHBIH
MOJIXO/ — IPEBOBUAHBIN aJrOPUTM ¢ KOHBEHepu3alen nepeaayn CooomeHni.

7. AaroputM OMHAPHOIO /iepeBa ¢ KOHBellepusauue

B anroputme 6unapnoeco oepesa c xousetiepuzayueti nepeoauu cooowenuti (pipelined binary
tree) mpoIlecchl JIOTHUECKH OPraHU30BaHbl B OMHAapHOE JepeBo. McxomHoe coolOuieHne JIMHON M
OaiitT pazOuBaercst Ha [m/s| CErMEHTOB MO S GallT, KOTOPBIC MEPENAlOTCs MO JEPEBY C yUETOM
IYIIJIEKCHOTO pekruMa paboThl KaHaioB cBs3u. Ha puc. 11 mokasan mpumep MHUPOKOBEIIATENbHOMI
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Puc. 10. 3aBucuMOCTh BPEMEHHU BBINOIHEHUS alTOPUTMOB onepainuu Beast B Monenn XokHU OT pa3Mepa m
coobmrenus (v =5-10"% ¢, =4.7-1078 ¢):
1 — KOHBeHepHBIN aNTOPUTM C ONITUMAIIEHBIM Pa3MEpPOM CETMEHTa; 2 — OMHOMHAJILHOE AEPEBO

nepeaadn cooOIeHus, pa3ouToro Ha 3 cerMeHTa. BpeMeHHble 1maru nepeaadyn OTIeIbHBIX CerMeH-
TOB OTMeueHbl Ha ayrax. Ha mare 3 mpouecc | HauMHaeT mepenady HNEPBOrO CETMEHTa IMPOLECCY
4 ¥ OTHOBPEMEHHO NMPUHHUMAET BTOPOM cerMeHT oT mporecca 0. B Tabmune cnpasa (puc. 11) mox-
YEepKHYTHI Mapbl IPOLECCOB, KOTOPbIE OAHOBPEMEHHO MPUHUMAIOT U NEPEat0T CETMEHT COOOIICHUS
— UCHOJbB3YIOT QYIUIEKCHBIH peXXUM paboThl KaHAIOB cBs3H. Kak BHIHO, HE BCE MPOLECCHl U HE Ha
Ka)/IOM BPEMEHHOM II1are B IMOJIHOW Mepe HUCHONb3YIOT JOCTYITHYIO MOJIOCY MPOIMYCKaHUs KaHaJOB
cBs3u. 1o aTol mpuuMHE anropuTMy OMHAPHOTO JepeBa ¢ KOHBelepHu3auueil nepeaadn cooomeHni
He yAaeTcs JOCTUTHYTb MOJIHOM 3arpy3Ku QyIJIeKCHbIX kaHasoB cBsa3Hu (full bandwidth).

[ITar o BpemMeHH"

1 2 3 4 5 6 7 8
IMappr [ 0-1| 052 | 0=1 (022 0=1 | 022 | 1-4 | 256
HpOIECCOB 123 | 124 |226| 124 | 206 | 25
Send—Recv 25 [ 123 2-5 1-3

Puc. 11. bunaproe nepeBo ¢ koHBeiepu3anue nepenaan cooduienuii (p = 7, root = 0, 3 cermenTa, yucia
HaJ JyraMHi — BpeMeHHBIC [Iard Mepenadd CeTMEHTOB)

OneHuM cBepXy BpeMs BbINOJIHEHUS anropuTrMa. Kak ObU10 IOKa3aHO paHee Aisl k-apHBIX Jie-
PEBBEB, MOCIEAHUM MEPBBIA CETMEHT IPUHUMAET MPaBbIi JINCTOBOM npouecce. Caeayromnuid CerMEHT
OH MPUMET Yepe3 YMCIIO MIaroB, paBHOE CTETICHH JepeBa, U T.1. TakuM o0pa3om, Bpems (s) mupo-
KOBEIIATEeIbHON Tepe/lauyd aJrOpuTMOM OMHApHOTO JiepeBa ¢ KOHBelepu3anuei cooOIeHni nmeer
BU]

t(s) = 2 ([logy p] + = — 1) (a + 5).

Paccyxnast aHaIOTUYHO, MOXKHO TTOJYYHTb OLICHKY M JUIi OMHOMHAJIBLHOTO JIepeBa C KOHBEeHepH-
3arend cooOIIeHNI

t(s) = ([logsp] + = = 1) (a + 56).

OmnpenenuM ONTUMATBHBIN pa3Mep CerMEHTa JUTsl allropuTMa OMHAPHOTO JIepeBa ¢ KOHBEHepHu3a-
Mel rnmepeaadu CoOOIICHM:

ot(s) 2m / ma
= —— 2(1 - 1) = =47
Os 52 o+ (Og2p )5 Oa Sopt (1Og2p— 1)ﬂ
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Ha puc. 12 nokazaHa 3aBUCUMOCTb BPEMEHH BBINIOJIHEHUS aJIropuTMa OMHAPHOIO JepeBa ¢ KOH-
Beliepu3alyeil nmepeaayu cooOIIEHU OT pa3Mepa s cerMeHTa. Kak BUIHO M3 DKCIIEPUMEHTAIBHBIX
pe3yabTaToB, HAUMEHbIIEe BPeMs BBINOJHEHMs JOCTUTHYTO HpU pa3Mepe cermenrta 13 312 Gaiir.
TeopeTnuecky yCcTaHOBIIEHHBII ONTUMAJIBHBIN Pa3sMep CEIMEHTA S,y = 13 632 GaiiT. B nemom noiy-
YEeHHOE 3HaYeHHE JIaeT Xopollee NpHOImKeHue 1 BbIOopa cyOONTUMAIBLHOTO 3HaUEHHs CerMEHTa
Ha IPAKTHUKE.
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Puc. 12. 3aBUCHMOCTh BpEMEHH BBITIOIHEHUS aJIrTOpUTMa OMHAPHOTO JepeBa ¢ KOHBeWepu3anueil cooOIeHni
oT pasmepa s cermenra (p = 128, m = 1 Mb, Open MPI 4.0.0, Tect Intel MPI Benchmarks, cets
Gigabit Ethernet)

8. O6cy:knenue pe3yabTaTOB U PeKOMEH AU

N3BectHa [9] TeopeTnueckas HUKHSS TPAHUIIA BPEMEHU 1., BBIIOJIHEHHS IIUPOKOBEIIATEIb-
HOM nepeayv B MoJieu XOKHH

thzzst Z IIllIl{ Hog2 p—l «, m/B}

OrneHnM OTKIIOHEHHE BPEeMEHHU paOdO0Thl pACCMOTPEHHBIX aJITOPUTMOB OT YKa3aHHOUM HIKHEH rpa-
HUIIBI.

st coobmieHnii HeOOMBIMX pa3MepoB (o > m3) BpeMs pabOThl anropuTMa OMHOMHUATHLHOTO
nepeBa onpezensiercs koddouimentom |log, p| mpu mapamerpe v — BKJIAIOM JATEHTHOCTH KaHala
CBSI3U B CyMMapHOE BpeMsi pabOoThI ajropuTMa

tBinomial = [logQ p-l a+m |_10g2 p-l ﬁ

Jns paccmarpuBaeMoro ciyvasi COOOLIEHUN HEOONBIINX pa3MepoB 3HaueHUE KodPUIMeHTa
IIPU TIapaMeTpe < ¢ TOYHOCTHIO JI0 KOHCTAHTHI COBIAACT CO 3HAYCHUEM HWKHEH TPAHULBI {Beast,
YTO CBUICTENBCTBYET 00 ACHMITOTUYECKOW ONTUMAIIFHOCTH aJrOpUTMa OMHOMHAIIBHOTO JiepeBa JUist
coobuienuit HebonpmMx pazmepoB. [Ipu cooliieHusx cpeqHux U OonbIIUX pasmepoB (a < mf3),
KOTZla BKJIAJ JTATEHTHOCTH KaHaja CBSI3U HE OKa3bIBACT PEIIAOIIEro 3HAUYEHUS, allTOPUTM OHMHOMHU-
aJIBHOTO JiepeBa UMeeT npu mapamerpe [ kodp¢umuent B log, p pa3 OonbIuii 3HAYSHUS HUKHEN
rpanunel. Ha puc. 13 npuBenen npumep, WITIOCTPUPYIOIINN ITH /1Ba CIyvasl.

Jluneiinas 3aBUCUMOCTBH BPEMEHH BBITMIOITHEHHS KOHBeepHoro anroputMa (linear pipeline) orpa-
HUYMBAET €ro MPUMEHEHHUE CITy4yaeM He3HAYUTEIbHOTO YKCia MPOLECCOB, a TAKKe COOOLIEHHH 00Tb-
IIMX Pa3MepOB:

L pipeline = (p -2+ [%-D (a+s8).
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Puc. 13. OTkinoHeHNe BpeMEeHH BHITIONHEHUS alropuTMa OMHOMHAJIBHOTO JiepeBa OT HHKHEH TpaHuIlbI
Bpemenu omnepanuu Beast (a = 5-107° ¢, 3 =4.7-10"% ¢, p = 128, root = 0)

JlareHTHOCTD ayropuTMa OMHAPHOTO JepeBa ¢ KoHBeiepuzammen coobmenuii (pipelined binary

tree) B 2 + 12’;/ Sp pa3 MpEBBIIAET 3HAYCHUE JATEHTHOCTH HUKHEN TPaHULIbI
2

m
tPipelinedBinTree =2 <[10g2 p—‘ + ’V?-‘ — ].) (Oé + Sﬁ)

HetpynHo 3ameTuTh, YTO NMpU HEOONBIINX pa3Mepax COOOIIEHUNH U CETMEHTOB OTHOLIEHHUE Bpe-
MEHHU paboThl aJrTOPUTMa K HUXKHEH I'paHUIle paBHO KOHCTAHTE, YTO CBUIECTEILCTBYET 00 aCHUMIITO-
THUYECKOW ONTHUMAJIbHOCTH aJIrOpUTMA sl JaHHOTO citydas. [IpormyckHas criocoOHOCTh aJlrOpUTMa B
2+ % pa3 mpeBbIlIaeT 3HAYCHUE MPOIYCKHONW CITOCOOHOCTH HIKHEH rpaHuiisl. [Ipu Oombinx
pasMepax COOOILIEHUH OTHOLIEHHE PABHO KOHCTAHTE, YTO TOBOPUT 00 aCUMITOTHYECKOH ONTHMAIIb-
HOCTH aJIFOPUTMA IO MPOMYCKHON CLIOCOOHOCTH.

Ha puc. 14 B monenun XoKHU MOKa3aHbl JAHaNa3oHbl pa3MEpOB COOOIIEHUN U PEKOMEHIyeMble
K MCIIOJIb30BAHUIO HAa HUX QJITOPUTMBbI HIMPOKOBELIaTebHONW mepenaun. s coolmienuii HeOomb-
IIMX pa3MepOB PEKOMEHIYETCsl MCIOIb30BaTh AIrOPUTM OMHOMHUANIBHOTO AepeBa. [t cooOueHuni
CPeIHHX pa3MepoB yke IenecooOpa3Ho 3a/1elicTBOBaTh KOHBEHEepH3allnio Mmepenadn COOOIMICHUN 1
QITOPUTM OMHAPHOTO WM OMHOMHANIBEHOTO AepeBa. [ cooOmeHnid 00IbIINX pa3MepoB U HEOOIIb-
I0T0 YKCIia IPOLECCOB PEKOMEHIYETCsl UCI0Ib30BaTh KOHBEHEPHBIN aIrOpUTM.

t,C
0,012 —— . . . . . 0,160
0.010 bemvv- I R T B PP 0,140

e 0,120 |-

0,008 |-;-5-0-9% e I e S

< : : : i Pipelined ! 0,100 |--
0,006 |----- fommmmrreeeecboondodo binary -i- 0,080
0.004 Binomial trel:e ) 0,060

' 1 0,040 Li
0,002 0020 |-fed® i i .me.ar B
. P pipeline .

0.000 m, 0aiT 0.000 | | m, 6alT

512 2560 4608 6656 8704 10240 163840 317440 471040

Puc. 14. 3aBucuMOCTb BpeMEeHH BBIIOIHEHUS anropuTMoB MPI_Bcast B Mofenu XOKHH OT pa3Mepa m
coobmrerns (o =5-10% ¢, =4.7-10"8 ¢, p = 128,700t = 0):
1 — anroput™M GMHapHOTO JiepeBa ¢ KOHBellepu3ale (C ONTUMAIbHBIM Pa3MEpPOM CETMEHTA);
2 — anropuT™M OMHOMHAIILHOTO IepeBa; 3 — KOHBEHEPHBIA alTOPUTM C ONITUMAIBHBIM Pa3MepoM
CErMeHTa
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9. 3akJ/iroueHue

BrInonHEeHHBIA TEOPETUYECKUN M SKCIEPUMEHTAIBHBIN aHAJIN3 BPEMEHHU BBINOJHEHUS JPEBO-
BUJIHBIX aJITOPUTMOB onepanuu MPI_Bcast moka3an Oosblyto 3(p(eKTHBHOCTh anropurMa OUHO-
MHAJIBHOTO JIepeBa MO CPAaBHEHMIO C aJITOPUTMAMU TEPHAPHOTO U OMHApHOTrO JepeBbeB. s anro-
PUTMOB C CErMEHTaluell cooOIIeHn ycTaHoBIeHa 3(GEKTUBHOCTh aJrOPUTMOB OMHAPHOTO U OH-
HOMMAJILHOTO JIEPEBBLEB NIl COOOIIEHNUN CpeAHUX pa3MepoB. [[i1s1 HeOoIbIIOro YKcia MpoueccoB U
COOOIIEHUI 3HAUNTENBHBIX pa3MepoB 3((EKTUBHBIM SIBISETCS KOHBEHEPHBIN aJrOpUTM.

ITocTpoeHHBIE aHATUTUYECKHE BBIPAKEHUS HOCST PEKOMEHIATEIbHBIA XapaKTep U MO3BOJSAIOT
CY3UTh Ha MpaKTHKE MOUCK 3(h(HEKTUBHBIX CTENEHEH AepPEBbEB U Pa3MEPOB CETMEHTOB ISl aJITOPHUT-
MOB C KOHBeHepu3aluei nepeaadu cOOOIECHUH.
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Analysis and optimization of pipelined broadcast algorithms

M. Kurnosov

Theoretical and experemental analysis of MPI_Bcast algortihms are performed. The optimal tree
degrees and segment sizes for pipelined versions of algorithms are obtained. Algorithms were
investigated according to their implementation in the Open MPI. Theoretical results are consistent
with experiments on a computer cluster with a Gigabit Ethernet communication network.
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